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ABSTRACT 


A  new  calculates*  of  the  opacity  of  Ufgh-tempemiure  air  (kT  =  1  -  20  eV )  is 
carried  cut.  Lise  (bound-bound)  transitions  are  included  and  LS  term  splitting 
of  configurations  is  accounted  for  in  the  n  =  2  and  3  levels.  The  primary 
purpose  of  the  calculation  is  tc  remove  the  hydrogenic  approximation  to  the 
dominant  photoelectric  and  line  transitions.  In  place  of  the  hydrogen^  approxi¬ 
mation,  Hartree-Fock-Slater  matrix  elements  are  used  for  the  line  transitions. 
For  the  photoelectric  transitions,  a  combination  of  the  Burgess -Seaton  extension 
of  the  Coulomb  approximation,  and  a  high-energy  acceleration -matrix-element 
Born  approximation  is  employed.  Comparisons  are  carried  out  with  experiment 
and  with  previous  calculations.  A  review  and  discussion  is  presented  of  the 
statistical  mechanics  of  ionized  gases,  and  some  new  results  pertinent  to  the 
calculation  of  occupation  numbers  are  presented. 
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Section  I 
INTRODUCTION 


The  transport  of  electromagnetic  energy  through  the  atmosphere  is  governed  by  the 
equation  of  radiative  transfer  (Refs.  1,  2,  and  3) 


t 

A 


dB 


(1.1) 


where  is  the  specific  intensity  of  the  radiation,  ds  the  element  of  length,  and 
the  source  function.  This  equation  is  in  general  very  difficult  to  solve,  and  an  exten¬ 
sive  literature  has  accrued,  principally  in  the  field  of  astrophysics,  dealing  with  its 
solution  for  various  model  problems  and  in  various  degrees  of  approximation.  The 
principal  physical  parameter  that  enters  any  solution  of  this  equation  is  the  absorption 
coefficient  ,  and  it  is  this  absorption  coefficient  for  air  and  its  constituents  that 
constitutes  the  subject  of  the  present  report.  We  will  restrict  ourselves  to  atomic 
absorptions  by  elementary  interactions;  molecular  absorption  and  absorption  arising 
from  collective  modes  of  excitation  involving  long-range  forces  will  not  be  considered. 
The  calculations  discussed  in  this  report  are  an  outgrowth  of  work  carried  out  at 
Lockheed  Missiles  it  Space  Company  and  at  General  Atomic  over  a  period  of  six  or 
seven  years.  The  reports  (Refs.  4  through  8)  issued  by  both  organizations  during  this 
period,  as  well  as  the  comprehensive  report  due  to  Harris  Mayer  (Ref,  9)  provide  an 
adequate  introduction  to  the  problem.  Therefore,  we  will  not  give  a  detailed  discussion 
of  the  basic  theory  but  only  the  background  and  definitions  needed  for  an  understanding 
of  the  calculations  reported  here. 

Our  principal  aim  has  been  to  remove  most  of  the  hydrogen ic  approximations  made  in 

Inc  jiioi  woiH  Uj  -tst;  u»  isuic  teallstiC  maulK  Cwiueuisi  2 id  by  S»  »  SSUCh  detail 

as  possible  in  the  description  of  photoelectric  edges  and  spectral  lines.  We  have  used 
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the  best  theoretical  predictions  available  for  the  rather  massive  numbers  of  atomic 
transitions  considered  and  have  tried  to  avoid  unjustified  physical  assumptions  as 
far  as  possible.  Our  formulation  draws  heavily  on  the  work  performed  by  our  colleagues 
at  General  Atomic.  We  have  attempted  to  combine  their  previous  experience  with  ours 
to  obtain  what  we  hope  are  the  best  results  for  air  absorption  coefficients  to  date. 

The  absorption  coefficient  can  be  written  as 


/ « * 


V 

"v  =  Z.ssi*si)ii'’ 

S,i.) 


j  t  nt 
\A.  t,f 
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in  terms  of  the  occupation  numbers  Ngi  (particles  cm  )  for  the  state  i  of  the  species 
S,  and  the  cross  sections  v )  for  a  transition  from  state  i  to  J  of  the  species 
S .  We  have  employed  occupation  numbers  resulting  from  previous  calculations  (Refs. 

6  and  10)  which  cover  a  temperature  range  from  -  1  to  20  eV  and  a  density  range 
from  normal  density  to  ~  10~5  normal  density.  The  atomic  transitions  for  ..hich 
cross  sections  have  been  computed  are  the  photoelectric  (bound-free)  and  line  (bound- 
bound)  transitions.  The  free-free  and  Compton  scattering  contributions  included  in 
our  mean  absorption  coefficients  were  obtained  from  our  previous  calculations  (Refs. 

4  and  5). 

If  one  assumes  that  conditions  of  load  thermodynamic  equilibrium  prevail,  the  source 
function  In  the  transfer  equation  (Eq.  1. 1)  becomes  the  well-known  Planck  function 

VT>  *  (lSr  -E7 h~) 

'  c  e  -  1 ' 

plus  a  term  that  accounts  for  induced  emission.  There  ar 9  then  two  limiting  cases  for 
which  eimnle  labsiaa  to  the  transfer  satiation  exist.  If  the  ootical  dentil  u  X  of  the 

-  "*■  -  -  i\a 
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radiating  sample  of  gas  is  small*  <  <  1 ),  where  x  Is  the  sample  dimension 
in  the  direction  of  radiation,  the  radiant  energy  emitted  by  the  sample  Is  given  in 
terms  of  the  Planck  mean  absorption  coefficient: 


"P3  fBp<T)di. 


where  u'p  T  l l  -  exp  ( hr/kT  H  vp .  If  the  optical  depth  is  large  { »  l).  one  passes 
to  the  diffusion  limit,  and  the  emission  of  radiant  energy  is  governed  by  the  Reeseland 
mean  absorption  coefficient: 


J. 

*R 


Ji 


t  SB  <T) 

1  P  j. 

pr-jy— *- 


f 


SB  (T) 
v * 

3T 


dp 


Cl.  4) 


Based  on  the  relevant  atomic  theory  (which  will  be  described  in  succeeding  chapters) 
an  IBM  1QM  computer  called  PIC  has  been  devised  to  compute  the  photoicnlsation 
cross  sections  and  absorption  coefficients.  Another  program,  MULTIPLE!*,  has 
been  constructed  to  compute  the  atomic-line  contribution.  The  input  information 
consists  of  a  fist  of  the  possible  atomic  states  present  in  the  gas  sod,  for  each  of 
these.  Its  spectroscopic  description,  energy,  and  occupation  number.  From  this 
Input  each  program  computes  and  constructs  an  atlas  of  the  parameters  needed  to 
adequately  define  the  absorption  coefficient. 

The  need  for  the  a&ts*  in  the  case  of  line*  arises  from  the  difficulties  that  would  be 
associated  with  attempting  to  store  or  print  the  detailed  shapes  of  the  very  narrow 
lines  that  appear  at  low,  and  even  moderate,  densities.  The  frequency  interval 


s  \ta  *«J*y  wjncCisn.*  k&Sxizc*  ms  ad  IUO.T  uvi  wsi  tt  jsijb  iuu  ay  i  catiuiuic  oiiuiauuil.  Oct: 

Ref.  8  for  a  discussion  of  this  point. 
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required  to  this  task  would  fes  so  small  that  the  tabular  output  would  be  prohibitively 
massive,  featsad  of  attempting  to  tabulate  this  quality  of  mimerical  absorption  coef¬ 
ficient  values,  the  wings  of  the  narrow  Uses  sad  the  enil?®  profiles  of  broad  Hues  are 
prtetad  ns  an  addiSte&l  Tbs  parameters  that  describe  the  central 

portions  o?  the  narrow  Uis®s  msy  then  be  cbteJaad  frosa  3m  atlas.  Tfesy  can  be  used 
at  &s  time  of  the  ctsmpodsMm  by  my  subroutine  one  wishes  to  insert  which  compresses, 
arbitrarily  Integrate®,  car  average  m%  part  of  tbs  fcretpsaey  dependence.  the  two  such 
subroutines  that  we  have  employed  are  those  which  compute  the  Planck  and  Ross  eland 

moflOT  alwaPBUm  t  /%n  atka  feaat  mtMn  hgim  ggtftewj  fn?  tka  nMnulytytn 

transitions.  Although  it  is  not  needed  is  this  case  to  compress  the  frequency  depend¬ 
ence,  it  Is  still  convenient  fsis.ee  much  edge -splitting  detail  is  accounted  to. 

The  alias  defiaiag  each  of  the  individual  atomic  processes  may  also  facilitate  Inter¬ 
polation  to  ga*  temperatures  sad  densities  intermediate  to  those  we  hmm  used. 

By  using  the  MULUPLET  line  code  in  conjunction  with  the  PIC  cede,  total  frequency- 
dependent  or  mean  absorption  coefficients  have  been  computed*  The  resuite  of  this 
combined  phoUonlzaiion  sad  line  opacity  program  {PHLQP)  for  the  mean  absorption 
coefficients  are  presented  la  Sec.  VI.  Before  proceeding  to  these  results,  we  now 
embark  an  a  detailed  description  of  Use  various  sub-computations  involved.  In  Sec.  II, 
a  discussion  Is  presented  of  our  atomic  state  descriptions  aad  lumping  conventions. 
SecttoitllKgivesa  brief  description  of  our  previous  GccujKUcti-cumber  theory  aad  the 
fundamental  research  which  we  have  undertaken  toward  the  ultimate  aim  of  improving 
these  numbers.  Tbe  Hoc  transition  theory  is  prelected  to  3ec.iV5  and  th*  pfcstc-Ioeliailon 
theory  in  Sec.  V.  The  final  results  to  the  mean  opacities  obtained  are  to  Sec.  VL  In 
the  appendices  are  provided  information  pertaining  to  the  computer  programs  w@  have 
developed  and  listing*  thereof,  and  a  more  detailed  description  of  our  stalistteal 


mechanics  research. 


Section  0 

ATOMIC-STATE  CONVENTIONS 


At  a  given  temperature  and  density  the  state  of  the  gas  as  a  whole  -  assumed  to  be 
in  thermodynamic  equilibrium  -  is  defined  by  the  most  probable  number  of  stems  in 
each  state  of  excitation  of  every  charge  state  of  every  species  present.  Tfei*  proba¬ 
bility  of  occupation  of  an  atomic  state,  the  occupation  mmh&t,  is  obtained  from  a 
statistical  mechanical  calculation  of  the  classical  grand  canonical  partition  function 
(Sec.  HI),  utilizing  the  energies  of  every  atomic  state  assumed  to  be  occupied.  Thus 
the  initial  information  necessary  is  the  set  of  all  atomic  states  under  consideration 
and  the  energies  of  each  relative  to  the  ground  stats  of  the  neutral  atom  of  the  species. 

With  each  charge  state  (or  state  of  ionisation)  there  are  associated  a  great  many  states 
of  the  remaining  electrons.  Some  of  these  have  been  observer*  experimentally  and  are 
conveniently  tabulated  by  Moore  (Ref.  11).  However,  the  majority  of  states,  especially 
for  the  highly  ionized  atoms,  have  not  been  observed,  and  their  energies  must  be 
estimated. 

A  particular  atomic  state  is  characterized  by  a  core  configuration  —  identified  by  the 
label  y  -  and  an  external  electron  with  principal  quantum  cumber  n  and  angular 
momentum  quantum  number  f  .  Hie  cores  which  have  been  considered  consist  of  a 
closed  K-t&eil  with  the  2s  and  £p  electrons  coupled  in  all  possible  ways.  A  com¬ 
plete  list  of  the  atomic  cores  ami  their  labels  y  is  found  in  TableII-1. 

For  each  core  state  the  outer  electrons  (n ,  S)  will  be  in  one  of  a  large  number  of 
possible  states,  each  coupling  in  a  variety  of  ways  to  the  e ore  and  leading  to  the 
usual  multiple!  structure.  Russell -Saunders  L-S  coupling  is  assumed  throughout 
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and  splitting  is  consistently  ignored.  Occnspstion  numbers 

have  been  evaluated  for  slates  with  n-valtsea  up  to  36,  but  the  present  calculation 
restricts  n  to  be  less  than  1?,  as  line  merging  (Sec  IV)tem5s  to  smear  states  with 
higher  principal  quantum  number  into  the  continuum.  When  the  external  electron 
state  la  equivalent  to  one  of  those  in  the  core,  the  resulting  state  cannot  be  considered 
as  belonging  to  any  one  core.  For  convenience  such  states  are  assigned  to  the  core 
with  the  lowest  excitation  for  the  appropriate  configuration. 

States  with  only  partially  filled  K-ahells  have  not  been  included,  as  the  energies i  of 
such  states  is  sufficiently  targe  to  ensure  negligible  occupation  at  the  temperatures 
being  here  considered.  Similarly  excluded  are  multiply  excited  states  containing 
more  than  one  electron  with  principal  quantum  number  greater  than  two.  For  such 
states  the  energies  and  the  theoretical  techniques  for  their  treatment  are  poorly 
known.  As  initial  states  their  energies  are  so  large  as  to  result  in  small  occupation. 
However,  the  neglect  of  such  states  aa  final  states  In  bound-bound  transitions  rules 
out  consideration  of  the  phenomenon  of  auto-ionization  which  may  make  a  measurable 
contribution  to  the  photokmizafion  cross  section  (Ref.  12).  Further,  atomic  sum 
rules  will  not  be  strictly  satisfied. 

When  known,  the  experimental  energy  values  are  used.  Estimates  of  the  energies  of 
the  remaining  states  were  made  by  the  Bscher-Goudsmit  method,  extrapolation  of 
isoelec tronic  sequences,  or  constant  quantum  defect  methods  as  described  in  Ref.  4 . 

Aa  She  occupation-number  calculation  depends  only  on  the  energy  of  an  atomic  state,  it 
is  convenient  tocombine  states  of  nearly  equal  energy  and  to  exploit  the  well-town  mm 
rules  over  Wigner  coefficient*  in  the  evaluation  of  the  optical  transition  probabilities, 
the  following  conventions  have  been  adopted  for  this  combining  or  summing  of  slates: 

(i)  n  =  3  Summed  over  total  angular  momentum  L  for  gives* 

multiplicity  (2S  +  1)  when  experimentally  the  L~ 
splitting  of  the  levels  is  much  less  than  the  3-spiitHng 
or  when  the  energies  are  poorly  town  (Labelled:  L  *  9 ) 
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(a) 

»$> 

A! 

C 

Bummed  over  all  L-S  terms  (Labelled:  2S  +  1  -  0  , 

L  =  0) 

m) 

§  s  a<  8 

Summed  over  electron  angular  momentum  t  >  4 
(Labelled:  1  =  4) 

m 

n  >  9 

Summed  over  all  values  of  the  electron  angular 
momentum  (Labelled:  1=0) 

Each  atomic  stats  is  specified  by  an  identification  number  (i>n  S  S  L)  and  the 
energy  of  the  state  (in  eV  relative  to  the  ground  stole  of  the  neutral  atom  of  the 
species): 

•  i  is  a  two-digit  designation  of  the  species  and  charge  state:  01,  02, 
etc.  for  oxygen  1,  oxygen  H,  etc;  and  11,  is,  etc,  for  nitrogen  I, 
nitrogen  Q,  etc. 

•  y  Is  the  two-digit  designation  dt  the  core,  as  listed  in  Table  H-l. 

•  n  (two  digits)  is  the  principal  quantum  number  of  the  excited  electron 
or  outermost  populated  shell 

•  f  is  the  orbital  angular  momentum  of  the  excited  electron  or  outermost 
populated  shell  (summation  conventions  iii  and  iv) 

«  (28  *  11  ia  the  spin  multiplicity  (summation  convention  il) 

•  L  is  the  total  orbital  angular  momentum  (summation  convention  i  and  il) 


Table  n-i 

ATOMIC  CORE  CONFIGURATIONS 
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Tabie  11*1  (costal) 


O-D,  H-I  ia2  2s2  2p2  y  «  1 


2a  2p3  (5S) 


2p*  (^P) 

(^D) 

(1S) 

O-m,  N-3  la2  2a2  2p  (2P)a K®*1!.) 

2a  2p2  (4P) 


y-  1 


2p3  (*8) 

C2^) 


o-iv,  N-m 


la2  2a2  (^nfl28*1!,) 

2s  2p  ^P) 


y  *  1 


2p2  ^P) 

(H>) 


O-V,  K-IV  la*  2s 


O-VI,  N-V  la" 


(28)nl(2S  +  1L) 


2p  (2P) 


(18)nl(^'#'1L) 


y  =  1 


y  =  1 
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Section  IQ 

STATISTICAL  MECHANICAL  THEORY  OF  OCCUPATION  NUMBERS* 

BACKGROUND 


A  basic  assumption  in  this  work  is  that  the  absorption  coefficient  for  radiation  at  fre¬ 
quency  v  may  be  expressed  as  a  sum  of  terms,  each  of  which  represents  the  absorp¬ 
tion  of  radiation  by  particles  in  state  i,  and  can  be  written  as  a  product  of  two  factors 
the  cross  section  for  a  transition  from  i  to  an  appropriate  final  state  j  ,  and  the 
number  of  particles  in  state  i  .  This  assumption  may  be  somewhat  inaccurate  at 
higher  densities  because  transitions  to  j  may  be  suppressed  by  "exclusion  princi¬ 
ple11  effects  if  most  of  the  j  states  are  already  occupied  and  because  collective 
"plasma  oscillations,"  which  cannot  be  represented  correctly  in  terms  of  individual 
atomic  energy  levels,  may  be  involved  in  the  absorption  of  radiation.  It  is  assumed 
that  such  effects  are  unimportant.  Thus,  in  the  notation  used  in  this  report, 

»<(•')=  I  'Vij 

The  procedure  used  to  calculate  the  cross  sections  cr^  is  described  in  other  sec¬ 
tions;  here  we  shall  summarize  the  methods  used  to  find  the  occupation  numbers  K{ij  . 

In  general  the  calculation  of  occupation  numbers  for  a  partially  ionized  gas  with  arbi¬ 
trary  conditions  of  temperature,  pressure,  density,  composition,  radiation  flow,  and 
other  factors  (all  of  which  may  vary  from  one  place  to  another)  is  a  very  difficult 
probler*  .hat  is  regarded  as  being  for  the  most  part  bey  ml  the  reach  of  present  -day 
theoretical  physics.  It  ir  probably  not  unfair  to  say  that  the  large  amount  of  research 
devoted  to  this  subject  .n  the  past  few  decades  has  succeeded  only  in  developing  some 


"This  section  was  written  by  LMSC  consultant,  Stephen  Brush. 
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simple  approximate  methods  that  may  be  of  limited  validity  when  the  physical  condi¬ 
tions  are  of  certain  especially  simple  types;  but  that  even  1km  a  direct  experimental 
check  of  the  theory  is  not  usually  possible.  This  situation  is  expected  to  improve  in 
the  next  few  years,  however,  as  various  laboratories  develop  facilities  for  studying 
high-temperature  plasmas.  In  the  meantime  there  is  an  urgent  need  for  further  theo¬ 
retical  work;  indeed,  even  the  interpretation  of  experimental  results  (such  as  the 
determination  of  the  temperature  of  a  plasma)  depends  heavily  on  theoretical  ideas. 

For  theoretical  discussions  it  is  convenient  to  distinguish  between  two  basic  types  of 
physical  systems:  equilibrium  and  coaequilibrittm.  (A  third  category,  the  non- 
equilibrium  steady  state,  is  also  useful  in  some  cases  but  will  not  be  needed  here. ) 
The  nonequilibrium  case  is  the  most  general,  since  it  includes  in  principle  an  infi¬ 
nite  number  of  values  for  a  large  number  of  physical  variables,  whereas  the  equilib¬ 
rium  case  requires  that  most  of  these  variables  have  the  value  zero.  The  variables 
we  have  in  mind  here  are  those  that  describe  the  change  of  properties  from  one  place 
to  another  in  space,  or  the  change  of  properties  with  time.  Thus  an  equilibrium  sys¬ 
tem  can  be  characterized  by  a  constant  density,  temperature,  pressure,  and  compo¬ 
sition,  whereas  the  description  of  s  nonequllibrium  system  involves  the  space-  and 
time-derivatives  of  these  quantities  as  well. 

Despite  the  apparent  artificiality  of  the  equilibrium  system  in  the  context  of  most 
realistic  problems  involving  radiation  flow,  it  has  two  distinct  advantages:  (1)  there 
exists  s  well-established  and  fairly  simple  theoretical  technique  for  computing  its 
properties;  (2)  it  represents  the  best  possible  guess  fin  the  sense  o!  statistical  esti¬ 
mation  theory)  a*  to  the  state  of  a  physical  system  if  only  the  temperature  andd^sity 
are  known  and  definite  information  about  other  physical  variables  is  lacking;  and, 
moreover,  it  represents  the  final  state  which  any  system  will  eventually  reach  if  left 
try  (t§§]f  without  external  disturbance. 

To  illustrate  the  difference  between  equilibrium  and  noaequiitbrium  theory,  consider 
the  case  of  absorption  of  radiation  by  air,  with  which  this  report  is  concerned.  First 
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of  ail,  we  need  to  specify  the  initial  state  of  the  system  before  it  recesves  any  radia¬ 
tion,  In  equilibrium  theory  we  can  do  this  (at  least  approximately)  as  soon  as  we 
know  the  temperature  and  density,  by  assuming  that  the  probaoility  of  each  possible 
state  is  given  by  the  Maxwell-Baltzmann  distribution  law.  Calculations!  difficulties 
arise  when  we  attempt  to  find  the  energy  of  each  state,  but  as  long  as  the  density  is 
not  too  high  we  can  me  tabulated  spectroscopic  data  for  the  various  individual  atomic 
species,  making  small  corrections  for  the  effects  of  interactions  of  different  atoms 
with  each  other.  The  important  point  is  that  only  one  piece  of  information  is  needed 
for  each  state:  its  energy.  In  the  nonequilibrium  theory  there  is  no  definite  pre¬ 
scription  for  specifying  the  initial  state ,  uruess  the  temperature  i®  so  tow  that  one  can 
assume  that  there  are  no  free  electrons  or  ionized  atoms,  and  that  all  the  atoms  arc 
in  their  lowest  electronic  state.  The  temperature  is  not  that  low  for  the  actual  situa¬ 
tions  of  interest  in  this  report,  so  there  is  no  such  easy  way  out;  and,  unless  we  hap¬ 
pen  to  have  previously  solved  a  problem  involving  the  calculation  of  occupation 
numbers  in  radiation-flow  situations,  we  would  probably  «.  m3  up  by'  assuming  an  equilib¬ 
rium  distribution  for  the  initial  state. 

Now  imagine  that  the  radiation  flow  is  "turned  on"  and  a  small  number  o!  photons  of 
specified  frequencies  are  absorbed,  causing  transitions  from  curtain  initial  states  to 
other  states.  The  system  will  now  have  a  different  set  of  occupation  numbers  because 
of  these  transitions.  In  order  to  compute  this  new  state  we  need  to  know  all  the  cross 
sections  for  transitions  between  states.  Presumably  we  already  kmw  the  cross  sec¬ 
tions  for  transitions  induced  by  photon  absorption,  since  these  are  involved  in  the 
other  part  of  the  problem  anyway;  but  in  addition  we  will  need  to  know  all  the  cross 
sections  for  spontaneous  radiative  transitions,  ionization  by  free  electrons,  collision 
cross  sections,  etc. ,  since  all  kiwis  of  complicated  physical  processes  are  going  cm 
in  the  gas  at  the  same  time  as  it  is  absorbing  radiation.  To  treat  the  problem  from 
the  exact  non-equilibrium  viewpoint,  consequently,  would  require  a  huge  amount  of 
input  miorroanon  about  the  physical  properties  m  oil  loe 

enormous  amount  of  computation  in  order  to  follow  the  time-evolution  of  the  system 
through  various  sets  of  occupation  numbers,  in  addition,  the  computation  might  have 
to  take  account  of  spatial  variations. 


At  this  point,  to  get  any  answer  at  all,  one  usually  makes  the  additional  assumption 
that  the  process  is  "linear"  -  one  ignore*  the  compounded  effects  of  radiation  changing 
occupation  numbers  which  In  turn  would  change  the  absorption  of  the  next  batch  of  radi¬ 
ation,  and  simply  calculates  the  rate  of  absorption  for  very  small  amounts  of  radiation. 
The  absorption  coefficient  is  in  fact  defined  as  the  ratio  of  the  amount  absorbed  to  the 
amount  received,  in  the  limit  as  both  these  quantities  go  to  zero.  To  use  such  an 
absorption  coefficient  in  problems  involving  a  finite  amount  of  radiation,  one  must 
assume  that  the  internal  relaxation  processes  in  the  gas  will  drive  it  back  to  equilib¬ 
rium  faster  than  the  absorbed  radiation  can  push  it  away  from  equilibrium.  The 
calculation  of  occupation  numbers  need  then  be  dsns  only  ones  for  each  specified  den¬ 
sity  and  temperature,  and  does  not  have  to  be  repeated  in  order  to  take  account  of  the 
effect  of  the  radiation  already  absorbed. 

As  soon  as  we  agree  to  restrict  ourselves  to  equilibrium  occupation  numbers,  we  can 
effect  a  great  simplification  in  the  problem;  we  need  only  calculate  the  probability  of 
each  possible  state  of  the  system,  without  worrying  about  how  one  state  follows 
another  in  the  course  of  time.  No  information  about  cross  sections  for  transitions 
between  states  is  needed,  but  only  the  energies  of  the  individual  states.  (It  might  be 
objected  that  \  £  cannot  calculate  the  energies  unless  we  know  the  forces  between  the 
l*. -tides,  and  if  we  knew  the  forces  then  we  could  also  calculate  the  cross  sections. 

This  is  uiie  in  principle,  but  there  is  still  an  immense  difference  in  practice  between 
equilibrium  and  nonequilibrium  calculations. ) 

In  the  following  subsection  we  shall  outline  briefly  the  standard  theory  of  statistical 
equilibrium  in  ionized  gases.  In  a  subsequent  subsection,  we  shall  discuss  the 
method  actually  used  to  compute  the  occupation  numbers  used  in  our  computer  code 
for  absorption  coefficients.  Finally,  we  shall  summarize  recent  theoretical  work  per¬ 
formed  under  the  contract  to  improve  the  method.  The  details  of  this  work  are  presented 
in  Appendix  A,  (Secs.  A.  1  and  A.  2);  Sec.  A.  3  contains  a  derivation  of  formulas  for 
average  potentials  and  potential  fluctuations  in  a  plasma.  This  is  of  considerable  value 

in  actual  ami!  iegtirm*  of  jfeg  ij^ry  pjeSSdsd  is  SSC.  A.  1. 
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STATISTICAL  EQUILIBRIUM  IN  IONIZED  GASES 


To  Illustrate  the  principles  of  the  theory,  we  consider  first  the  following  simplified 
model  for  an  ionized  gas.  We  have  N  atoms,  each  consisting  of  a  nucleus  of  charge 
Z ,  mass  M ,  and  any  number  of  electrons  from  0  to  Z .  In  addition  there  arc 

free  electrons,  where  N  is  such  that  the  system  as  a  whole  is  electrically  neutral. 

6 

Each  atom  has  a  set  of  energy  levels  EQ .  Ej , . . . ;  in  general,  the  nature  of  the  levels 
would  depend  on  the  number  of  electrons  in  the  atom,  and,  to  a  lesser  extent,  on  the 
number  of  free  elections  and  other  atoms  and  ions  in  the  gas.  However,  we  shal1 
ignore  such  effects  for  the  moment.  Each  energy  level  is  characterized  by  a  degener¬ 
acy  factor  g ,  which  represents  the  number  of  levels  having  the  same  energy;  as  far 
as  the  statistical  mechanical  theory  is  concerned,  we  can  group  such  levels  together, 
although  in  the  calculation  of  cross  sections  they  must  be  treated  separately. 

We  wish  to  know  the  average  number  of  atoms  of  various  degrees  of  ionization: 

NQ  , . .  for  atoms  with  0  to  Z  electrons  removed  from  the  neutral  atom:  and  also 
the  number  of  ions  by  which  each  of  the  various  energy  levels  is  occupied.  The  most 
direct  way  to  solve  the  problem  is  to  calculate  fl'«i  the  distribution  at  kinetic  energy 
among  the  atoms  (even  though  we  are  not  interested  primarily  in  the  kinetic  energy) 
and  then  deduce  from  this  the  distribution  over  the  various  energy  levels.  In  the  usual 
terminology,  we  first  derive  the  Maxwell  distribution  of  velocities,  and  then  general¬ 
ize  this  to  the  Boltzmann  distribution  of  energies.  We  refer  to  the  standard  texts  on 
statistical  mechanics  for  the  details  of  the  derivation  and  merely  summarize  it  here. 
We  shall  also  need  the  Gibbs  grand  canonical  ensemble  which  gives  the  distribution  of 
particles  of  different  kinds  in  a  mixture,  in  the  case  when  the  number  of  particles  is 
not  kept  fixed. 

We  first  make  the  postulate  of  *»rmal  a  priori  probability  of  all  microscopic  states  of 
the  svatem.  This  means,  for  example,  that  if  the  system  as  a  whole  has  a  fixed  total 
kinetic  energy  K .  then  ail  possible  ways  of  dividing  this  energy  amo$g  the  atoms  are 
equally  probable.  The  justification  for  this  postulate  is  that  we  have  no  reason  for 
assuming  that  any  one  way  of  distributing  the  energy  is  more  probable  than  any  other. 
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This  postulate  is  rather  awkward  to  apply  as  it  stands,  for  it  implies  that  the  kinetic 
energy  of  any  one  atom  cannot  be  found  until  we  know  the  energies  of  all  the  others. 

In  fact,  however,  it  seems  reasonable  that  if  the  number  of  atoms  is  very  large,  the 
energy  of  an  individual  atom  will  depend  only  on  the  average  temperature  of  the  sys¬ 
tem,  as  determined  by  its  surroundings,  and  not  on  the  precise  values  of  the  energies 
of  the  other  atoms  in  the  system.  To  make  use  of  this  idea  of  average  temperature, 
we  imagine  that  our  system  of  N  atoms  is  only  a  small  part  of  a  much  larger  system 
of  N*  atoms;  it  can  exchange  energy  with  the  other  atoms  so  that  its  own  total  energy 
is  no  longer  strictly  constant  but  will  fluctuate  around  an  average  value.  This  hypo¬ 
thetical  construction  is  known  as  the  canonical  ensemble  in  statistical  mechanics;  in 
a  certain  sense  it  is  more  realistic  than  the  original  model  with  fixed  total  energy, 
since  we  do  not  usually  know  the  precise  value  of  the  energy  of  an  isolated  system, 
but  rather  the  temperature  of  a  system  interacting  with  its  surroundings. 

We  need  one  further  assumption  in  order  to  apply  the  postulate  of  equal  a  priori  proba¬ 
bility  of  microscopic  states:  we  need  to  know  what  those  states  actually  are.  If  we 
knew,  for  example,  that  each  atom  could  have  only  certain  values  of  kinetic  energy, 
namely  integer  multiples  of  some  basic  energy-unit  EQ  -  |k  *  0 ,  E0 , 2E^ , . . . ,  EJ  - 
where  Ej  is  the  fixed  total  energy  of  all  N’  atoms,  then  the  problem  would  be  well- 
defined.  For  spy  given  energy  of  the  first  atom,  k^  ,  the  second  could  have  energies 
from  0  to  E^  -  k^  ,  the  third  could  have  energies  from  0  to  E  -  k^  -  kg  ,  and  so 
forth;  the  energy'  of  the  list  atom  would  be  completely  determined  by  the  others.  By 
combinatorial  analysis  we  could  determine  how  many  arrangements  correspond  to 
giving  energy  to  the  j‘th  atom,  and  then  take  the  limit  as  F  j  goes  to  zero  while 
Ej  goes  to  infinity  but  always  remains  proportional  to  N*  .*  The  result  is  that  the 


*  Although  this  derivation  was  first  published  by  Boltzmann  nearly  a  century  ago,  it  is 
not  available  in  most  modern  textbooks,  so  we  shall  outline  it  briefly.  Suppose  that 
the  total  energy  Ej  of  IV  atoms  has  been  divided  into  p  units  of  magnitude  Eq  . 
If  fV  3  ,  we  can  choose  k»  and  kg  ,  and  k3  must  be  equal  to  Ej-kj-kg  .  If 
k|  -  Ej  there  is  only  one  microstate  since  k%  and  k3  must  both  be  zero.  If 
kj  -  (p  -  kg  can  have  l  +  1  possible  values,  from  0  to  (j/p)Ei  . 

The  total  number  of  microsutes  is  therefore 

P 

£  j  =  IP(P  ♦  l)/21  *  P  «■  : 
j  =0 
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(coni'd) 


number  of  arrangements  for  given  kj  (which  we  postulate  to  be  the  relative  probabil¬ 
ity  of  that  value  of  k^ )  is  proportional  to  exp  |  -  kj/(£j/N*)l  .  The  ratio  Ej/N*  , 
woich  is  the  average  energy  per  particle,  might  be  called  the  temperature  of  the  sys¬ 
tem;  and  the  result  shows  that  any  valise  of  kj  has  a  Unite  probability,  but  values  of 
^  that  are  very  much  bigger  than  Ej/N*  occur  very  randy. 


Assuming  each  of  these  microstates  is  equally  probable,  we  find  that  the  probability 
that  ki  =  |(p  -  j)/p)  Ei  is  the  number  of  microstates  for  that  value  of  kj  divided  by 
the  total  number  of  micros  tales  for  all  values  of  ki ,  namely  2(j  +  l)/(p(p  +  3)  ♦  2)  . 
Eliminating  j  by  the  relation  j  =  p((l  -  kj)/£|)  ,  we  find  that  the  probability  of 
ki  is 


2(1  -  k./E.)  +  2/p 
P3,p(kl*  =  p  +  3  +  2/p 

A  similar  argument  shows  that  for  N*  =  4  , 


P4,p<kl> 


3(1  -  k^E^fp  +  (pkj/E^  +  3j  +  2/p 
(P  +  IMP  +  2) 


We  now  convert  these  expressions  (and  the  corresponding  ones  for  P5  p  etc. )  into 
a  continuous  distribution,  taking  dkA  =  Eg  and  letting  p  to  to  infinity.  The  dis¬ 
tribution  function  is  then 


,  ,k)  .  «-  PN'.P(kl)  <»'  -  *1  ~  kl/E/'2  „  k  ,E 

p—  dkx  Ej  lf  kl  “  E1 


=  0  If  >  El 


Recalling  the  definition,  e  =  (1  ♦  y)*^y  we  find  that 


«kl)  =  =  (N'/E^  exp  ^/(Ej/fPH 

In  the  more  realistic  case  where  the  states  are  equally  distributed  with  respect  to 
momentum  rather  than  energy,  the  result  is 

fj^kj)  =  m3N»/2)/n3/2)IX3N'/2)J  [k^Ej  -  k^'^/E3*'2^ 


Wx)  =  44S™«  =  3  jsk^sfEjAVj172  exp  l-dk^E^')) 
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The  derivation  mentioned  in  the  previous  paragraph  involves  an  arbitrary  assumption 
about  what  kinetic  energies  are  allowed;  and  even  though  when  we  take  the  limit 
we  permit  &  continuous  range  of  energies,  the  result  is  still  influenced  by  the  fact  that 
the  states  of  each  particle  were  taken  to  be  uniformly  distributed  with  respect  to 
energy.  This  is  wrong,  of  course,  for  according  to  the  laws  of  physics  the  states  of 
a  free  particle  (not  subject  to  any  forces)  are  uniformly  distributed  with  respect  to 
momentum.  As  it  happens,  both  properties  are  equivalent  in  two  dimensional  space, 
but  in  three  dimensions  we  do  not  get  the  correct  energy  distribution  unless  we  give 

an  AfMlIInMal  aanlarktlme  faMm*  ntwcntdlnaial  few  Alt*  mmm tnsut  wmaI  rtf  t#*i  asummmi 

vmwat  mrm mm iw Mwuim  wmm  iiw>  wyn  %>  sw»  wr»  if  U#satC* 

(or  better,  simply  sum  directly  over  momentum  states).  If  this  correction  is  insetted 
into  the  combinatorial  calculation  mentioned  above?  we  find  that  the  probability  is  pro¬ 
portional  to  v  exp  -3^/21  Ej/Ji1 )  which  is  in  fad  nothing  but  the  usual  Maxwell 
velocity  distribution.  The  conventional  definition  of  temperature  is 
kT  -  j  -  2(Eq/Ni  )/3,  where  k  -  Boltzmann  constant. 

The  advantage  of  the  canonical  ensemble  method  is  that  we  can  treat  the  energy  of 
each  of  the  N  atoms  in  the  system  as  s  random  variable  independent  of  the  others, 
as  long  as  N  is  small  compared  to  N'  so  that  we  do  not  have  to  worry  about  energy 
distributions  in  which  one  atom  has  an  energy  of  the  same  order  of  magnitude  as  E, . 


We  can  now  apply  a  standard  theorem  in  probability  theory  which  says  that  the  proba¬ 
bility  that  N  random  variables  have  simultaneously  a  certain  set  of  values  is  the 
product  of  the  probabilities  for  eat4  of  these  values  taken  separately,  provided  that 
the  random  variables  are  indite  (i.  e. ,  uncorrelated).  Hence  the  relative  proba¬ 
bility  of  a  microstate  of  N  ntmm  fa  which  the  total  kinetic  energy  Is  E  would  be 

_/3P 

e  (the  so-called  "Boltzmann  factor"  for  that  micros  tale).  To  find  the  actual 


numerical  value  (absolute  probability)  of  this  microstate,  we  have  to  normalise  by 

multiplying  the  Boltzmann  factor  fcr  each  state  tty  the  number  of  states  having  that 

energy.  g(  E  > .  and  sum  or  integrate  over  all  possible  valuta  of  E ;  the  probability 

m-QE 

*Jt  m  outfit  ~  — -  C  tn  ♦« atuan  hu  iiut  * - «-  _  „  g 

W5  45»  S5S  SWA  'SiS'wwxiiS  »»  BSSOm  w  m  SUSf  SS  5»jp  Wgft  SiifSiw  m  e  m  WSwa  v 

-flE  “ 

Z  -  £g(  E )  e  .  The  normalising  denominator  Z  is  usually  called  the  partition 


function  (German  Zustasdsumme,  sum-over- states). 


•See  footnote  on  pp.  M  ana  id. 
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Up  to  now  we  have  been  dealing  only  with  an  Ideal  gas,  to  that  E  la  just  the  kinetic 
energy  of  the  N  atoms,  and  g(  E )  is  a  product  of  N  factors,  the  square  roots  of  the 
energies  of  each  atom.  The  next  step  is  to  generalize  the  above  expression  for  the 
probability  of  a  microstate,  and  assert  that  it  is  valid  when  E  includes  potential- 
energy  terms,  corresponding  to  forces  between  the  atoms  or  external  forces.  The 
justification  for  this  generalization  (which  is  given  in  detail  in  textbooks)  is  that  when 
two  or  more  atoms  collide,  the  total  kinetic  energy  does  not  necessarily  remain  the 
same,  but  the  total  energy  (kinetic  plus  potential)  is  conserved.  Hence  in  statistical 
equilibrium  the  probability  cf  a  microstats  can  depend  only  os  its  total  energy,  not  on 
its  kinetic  energy  separately;  and  in  order  to  make  the  probability  reduce  to  the  cor¬ 
rect  limiting  value  when  the  system  becomes  an  ideal  gas  (for  example  when  we  go  to 
very  high  temperature  or  very  low  density)  we  must  choose  the  sbove  form. 

The  grand  canonical  ensemble  represents  one  further  Mage  of  generalization  or 
abstraction;  like  the  canonical  ensemble,  it  can  be  justified  as  giving  s  realistic  des¬ 
cription  of  the  physics!  situation  even  though  it  appears  to  be  only  an  artificial  mode! 
introduced  to  facilitate  calculations.  Let  us  return  (In  imagination)  to  the  very  large 
system  of  N*  atoms,  having  fixed  energy  and  fixed  volume.  Instead  of  choosing  N 
atoms  from  this  system,  suppose  that  instead  we  suddenly  enclose  a  volume  V  with 
rigid  walls  and  study  the  statistical  properties  of  the  sample  of  atoms  that  happen  to 
be  trapped  in  this  volume.  We  assume  that  the  ratio  of  V  to  the  volume  of  the  origi¬ 
nal  large  system  la  v .  and  that  this  ratio  also  represent*  the  probability  that  any 
particular  one  of  the  N'  atoms  is  found  in  the'  volume  V .  We  ask,  what  Is  the  proba¬ 
bility  that  there  will  be  exactly  N  atoms  in  V ,  in  the  limit  when  N*  goes  to  infinity, 
v  goes  to  zero,  while  the  product  N*v  remains  equal  to  a  fixed  constant?  The 
answer  is  called  the  Poisson  distribution  in  statistics  or  the  grand  canonical  ensem¬ 
ble  in  statistical  mechanics;  it  is 

_~rv. 

p  =  A A  =  ;  ft  =  -logfJPv) 


17 


It  should  be  saded  that  the  panicles  have  been  treated  as  indistinguishable  -  permea¬ 
tions  cfthc  M  articles  are  not  counted  as  different  microstates.  If  we  had  assumed 
that  the  particles  are  distinguishable,  'hen  the  probability  that  we  observe  N  parti¬ 
cles  in  the  volume  V  could  be  found  by  cancelling  out  the  factor  N!  in  the  denomina¬ 
tor  of  the  shove  expression  six!  making  an  appropriate  change  in  the  normalization 
factor  A. 


Just  as  the  canonical  ensemble  represents  a  system  that  does  not  have  fixed  energy  but 
is  in  equilibrium  with  a  "heat  bath"  surrounding  it  at  temperature  T,  so  the  grand  canon¬ 
ical  ensemble  represents  a  system  (sometimes  called  an  open  system)  that  does  not  have 
a  fixed  number  of  particles  but  is  in  equilibrium  with  a  particle  bath  surrounding  it. 
characterized  by  a  parameter  p  (pkT  is  usually  called  the  chemical  potential). 


In  many  calculations  in  statistical  mechanics,  the  grand  canonical  ensemble  is  used 
because  it  allows  one  to  sum  over  the  numbers  of  particles  in  different  states  inde¬ 
pendently  without  having  to  enforce  the  condition  that  the  total  number  of  particles  is 
fixed.  One  simply  sums  over  all  values  of  N ,  or  equivalently  over  all  possible  val¬ 
ues  of  the  cumbers  of  particles  in  each  state;  if  the  result  is  needed  for  a  particular 
value  of  N ,  rather  than  for  specified  volume,  the  chemical  potential  p  may  be  cho¬ 
sen  in  such  a  way  that  the  average  value  of  N,  viz.  N,  is  equal  to  the  specified 

—  22 

value.  It  turns  out  that  when  N  is  a  large  number  of  the  order  of  magnitude  of  10 

(as  for  observable  physical  systems)  the  statistical  distribution  is  very  sharply 
peaked  at  the  average  value,  so  that  the  probability  that  N  differs  by  more  Shan  0.  l 
of  1 %  from  N  is  effectively  zero. 


The  grand  canonical  ensemble  is  especially  useful  (and  may  indeed  be  the  only  practi¬ 
cal  method)  for  problems  involving  equilibrium  among  several  kinds  of  particles,  as 
in  an  ionized  gas.  In  this  case  one  introduces  a  chemical  potential  for  each  kind  of 
particle,  and  represents  the  probability  of  a  state  with  N1  particles  of  Species  1, 

Ng  Species  2.  and  so  forth,  in  the  form 


p  =  (const.) 


PlNj  p2N2  PgK3  ...  0E 

« _ _L_ _ .JtiffJjB _ 

N  .’H  'N  .'  . . . 
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The  constant,  which  include®  the  normalizing  factor  2  from  the  canonical  ensemble 
and  the  factor  A  from  the  grand  canonical  ensemble,  is  found  by  summing  p  over 
all  values  of  E  ,Nj,N2  . . .  and  setting  the  sum  equal  to  1;  it  is  also  known  as  the 
grand  partition  function  {usually  without  the  factor  A ) : 


N 


tvhere 

Zn  -I«»E>e'flE 

E 

for  N  particles  (with  the  corresponding  generalization  for  a  mixture  of  several 
species). 

These  two  partition  functions  2  and  Q ,  which  appeared  originally  simply  as  nor¬ 
malizing  denominators  for  the  probabilities  of  states  in  the  ensembles,  turn  out  to  be 
useful  quantities  themselves,  because  all  thermodynamic  properties  of  the  system  can 
be  expressed  In  terms  of  them.  For  example,  if  one  differentiates  2  with  reaped  to 
(-Q),  the  effect  is  to  multiply  each  term  in  the  sum  by  E ,  and  this  is  the  same  as 
finding  the  average  energy  for  all  states  in  the  canonical  ensemble: 

E  -  Tehei  -  2EgE)e  8E  _  1/  dZv  dl«gZ 

e  -  2,e«e) - 2 - zrsrJ - « 

E 

The  method  sketched  above  for  deHvmg  toe  probabilities  of  states  by  eststisg  micro, 
states  may  appear  to  be  somewhat  artificial,  since  it  was  based  on  assuming  a  dis¬ 
crete  set  of  kinetic  energy  states  for  a  free  particle  and  then  going  to  the  limit  of  a 
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continuous  distribution.  In  the  esse  of  classical  mechanics,  when  kinetic  energies  are 
not  quantised,  we  could  have  applied  the  postulate  of  equal  a  priori  probability  directly 
to  a  continuous  distribution;  this  would  involve  calculating  the  surface  area  of  a  3M- 
dimenaionni  sphere,  corrcspomiing  to  the  region  in  momentum  apace  for  which  the 
total  kinetic  energy  of  N  particles  has  a  Used  value,  and  then  picking  out  the  part  of 
the  surface  that  corresponds  to  a  particular  state  (such  as  velocity  of  i'ih  particle 
between  and  ♦  dv{ ,  and  so  forth).  This  procedure  can  be  carried  out  ss  indi¬ 
cated,  and  in  the  limit  N-~*>  it  given  a  result  in  agreement  with  the  Maxwell 
distribution. 

However,  aa  soon  as  one  wishes  to  consider  systems  in  which  chemical  reactions  or 
ionisation  processes  can  change  the  number  of  particles,  he  finds  that  this  approsch 
breaks  down;  for  example,  there  are  infinitely  many  more  possible  micro-states  for 
two  particles  than  for  one  if  one  assumes  a  continuous  distribution  of  kinetic  ener¬ 
gies.  It  is  only  by  reverting  to  the  description  based  on  a  discrete  set  of  states  that 
a  reasonable  formulation  of  the  equilibrium  problem  can  be  found.  It  turns  out  that 
one  can  derive  an  equation  determining  the  equilibrium  numbers  of  particles  of  vari¬ 
ous  species  -  the  Saha  equation  -  provided  (that  the  energy  unit  Eg  is  kept  finite  sad 
not  allowed  to  go  to  zero.  Aa  one  might  suspect  (with  the  benefit  of  hindsight)  EQ  is 
closely  related  to  Planck's  constant;  in  fact,  one  gets  the  correct  physical  result  by 
assuming  that  the  size  of  the  elementary  cell  in  phase  space  is  just  that  indicated  by 
quantum  theory.  (This  discovery,  embodied  in  the  Sackur-Tetrode  equation  for  the 
chemical  constant,  was  one  of  the  triumphs  of  the  old  quantum  theory. )  Thus  we  see 
that  the  theory  of  ionization  equilibrium  involves  quantum  theory  and  discrete  energy 
states  in  a  very  essential  way. 

The  theoretical  description  of  ionization  equilibrium  for  the  ideal  gas  mixture  men¬ 
tioned  at  the  beginning  of  this  section  is  then  ss  follows:  for  each  ionization  process 
of  the  type  ^  ~  An  +  e”  f***®1^  A„  represents  an  ion  with  n  electrons  removed 
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from  the  original  neutral  atom)  the  concentrations  of  these  ions  in  thermal  equilibrium 
are  determined  by  the  equation 


-~~T  "  PK^(T)  (Saha  equation) 
cnce 

where  cfi  =  Nn/(N  +  N^,  i.e. ,  the  ratio  of  the  mtmber  of  iona  of  Type  An  to  the  total 
number  of  particles  in  the  system,  including  the  number  of  electrons  K  .  The  ratio 
for  electrons  Ng/(N  +  Ne  is  denoted  by  c  ,  P  is  the  pressure,  and  K^fT)  is  an 
equilibrium  constant  (i.e. ,  it  is  independent  of  pressure  in  the  ideal-gas  approximation) 
defined  as  K(n)(T)  =  (g^/Sg^r/m)3^  fB3/(kT)5/2l  exp  (In/kT).  The  symbols  in 
this  equation  are  ^  =  degeneracy  factor  for  the  ground  state  of  Aq  ;  likewise  for  g^j 
degeneracy  factor  for  electrons  is  tsken  ss  2  (spin  up  or  down);  m  =  mass  of  electron; 
h  =  Planck’s  constant  divided  by  2r;  *  nth  ionization  potential  of  the  atom,  usually 

taken  to  be  equal  to  the  difference  in  ground  state  energies  of  AQ  and  A^.  In  the 
form  written  here  it  la  assumed  that  ail  the  atoms  and  ions  are  in  their  ground  states. 

To  see  how  the  equation  works,  we  consider  thr  special  cue  of  equilibrium  between 
neutral  and  singly  ionized  atoms,  assuming  that  the  temperature  is  sufficiently  low 
that  the  concentration  of  more  than  singly  ionized  atoms  Is  negligible.  Then  we  can 
define  the  degree  of  ionization,  a ,  to  be  the  ratio  of  the  number  of  singly  ionized 
atoms  to  the  total  number  of  atoms.  We  have  c  »  Cj  *  a/(  1+cs  );cfis 
( X  -  a )/( 1  ♦  or )  and, alter  substituting  these  espressions^tto  the  Saha  equation  and 
solving  for  a ,  we  obtain  the  result  a  -  l/J  1  +  PK^J  .  Not©  that  (1)  foe 
degree  of  ionization  is  one  (complete  ionization)  at  very  low  pressures,  and  decreases 
to  zero  as  the  pressure  becomes  large;  (2)  the  degree  of  ionization  la  one  at  very  high 
temperatures,  and  decreases  to  zero  at  very  low  temperatures,  but  because  of  the 
small  numerical  value  of  foe  coefficient  of  exp  (!n/VT )  in  foe  formula  for  K(T ) , 
foe  degree  of  ionization  will  be  fairly  lance  even  for  tespsrsis rss  ibst  m  small  com¬ 
pared  to  the  ionization  energy.  Because  of  this,  foe  number  of  atoms  in  excited 
states  will  still  be  fairly  small  since  foe  excitation  energies  are  usually  of  the  same 
order  of  magnitude  as  the  ionization  energies. 
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The  Saha  equation  may  be  viewed  as  a  special  case  of  the  "law  of  mass  action"  for 
chemical  reaetloes,  which  was  established  empirically  (though  without  the  above  defini¬ 
tion  of  K  in  terms  of  Planck's  constant)  before  quantum  theory.  For  example,  it  pre¬ 
dicts  that  an  increase  in  pressure  will  drive  the  equilibrium  in  the  direction  that  leads 
to  a  smaller  number  of  particles.  Another  interpretation,  which  will  be  useful  in  the 
following  sections,  is  based  on  the  expression  for  the  canonical  partition  function, 

Z  *  £g(  E )  e  .  which  we  now  apply  to  a  system  containing  a  fixed  number  of  atoms 
that  nsav  h«ve  different  degrees  of  ionization  depending  on  the  pressure  and  tempera¬ 


ture.  As  we  showed  above,  the  average  energy  of  the  system  can  be  found  by  differ¬ 
entiating  Bog  Z  with  respect  to  (-3).  It  can  also  be  shown  that  the  Helmholtz  free 
energy  is  F  -  -kT  log  Z  which  is  consistent  with  the  usual  thermodynamic  rela¬ 


tions,  F  =  E  -  TS;  E  =  -T^(— ;  S  =  -  (J?f)y  •  According  to  thermodynam¬ 
ics,  the  Helmholtz  free  energy  F  is  a  minimum  for  equilibrium  at  constant  volume 
and  temperature;  by  this  is  meant  that  if  the  system  happens  to  be  in  any  state  that  is 
not  the  equilibrium  state,  it  will  tend  to  go  irreversibly  toward  the  equilibrium  state 
and  in  so  doing  it  will  decrease  its  free  energy.  The  statistical  mechanical  interpre¬ 
tation  of  this  principle  is  the  following:  suppose  we  group  together  the  possible  micro- 
states  of  a  system  into  a  small  finite  number  of  macrostates,  each  of  which  can  be 
characterized  by  a  certain  average  energy*  and  entropy;  we  then  write  the  partition 
function  In  the  form  Z  *  Z^1*  +  +  Z*3*  ♦ . . .  Z*m^ ;  Z^  ^  g(E()  e”^E‘  (we  have 

used  an  upper  subscript  in  order  not  to  risk  confusion  with  Z^ ,  which  means  the 
complete  partition  function  for  N  particles).  For  the  sake  of  concreteness,  we  may 
think  of  each  state  as  being  defined  by  specifying  the  degree  of  ionisation  within  cer¬ 


tain  small  limits;  thus  Z 


<1) 


is  less  than  1%  ionized,  Z^  includes  those  with  ionization  between  1%’ajfct  2%,  etc. 
Suppose  that  at  a  certain  temperature  and  volume,  the  largest  term  in  the  sum  is  the 
one  for  state  i,  namely  Z^\  then  we  can  write 


would  include  all  the  microstatea  for  wjgv$  the  .jystem 

t a a  _ a.1 *  _  # • .  .  .  a  < t  it 


z 


2j(l)  jjfZ)  9(10) 

T1")  ’  ^TT - +  ^rrr 


Z'4/S 


Since  by  hypothesis  Z^  is  larger  than  any  of  the  others,  each  term  except  the  first 
in  the  brackets  will  be  less  than  1;  since  there  are  m  terms  in  the  sum,  the  factor  in 


brackets  must  be  less  than  m .  Hence  log  Z  =  log  Z' ♦  log S ,  where  S  is  less 
than  m .  But  since  m  is  a  small  finite  number  (of  the  order  of  magnitude  of  a  few* 
hundred  or  less)  whereas  the  number  of  microstates  is  a  very  large  number  of  order 
of  magnitude  N.’ ,  we  see  that  log  Z^  *  \  which  by  Stirling's  approximation  must  be 
of  order  N  log  N ,  will  be  extremely  large  compared  to  log  S .  Hence  the  value  of 
the  free  energy,  F  =  -  kT  log  Z ,  will  be  entirely  determined  by  the  corresponding 
value  for  that  state  which  has  the  largest  value  of  Although  the  free  energy  is 

really  defined  only  for  the  equilibrium  system  as  an  average  over  all  states,  it  is  use¬ 
ful  to  imagine  that  each  state  has  its  own  free  energy,  defined  as  =  -  kT  leg  Z^\ 
and  that  the  thermodynamic  properties  of  the  system  will  be  essentially  those  of  the 
state  for  which  Z^  is  largest,  or  equivalently,  Fj  is  smallest.  In  other  words, 
the  canonical  ensemble  contain®  all  states,  including  those  that  we  would  ordinarily 
call  nan-equilibrium  states,  but  we  can  find  the  equilibrium  properties  by  averaging 
over  all  states  because  the  numerical  value  of  any  thermodynamic  property  is  almost 
completely  determined  by  the  state  that  corresponds  to  equilibrium  at  the  specified 
volume  and  temperature.  This  Is  the  justification  lor  the  standard  procedure,  in  sta¬ 
tistical  mechanics,  of  replacing  the  sum  over  all  states  by  its  largest  term;  it  Is 
equivalent  to  selecting  the  state  with  lowest  free  energy. 

In  the  particular  case  of  an  ionised  gas,  the  degree  of  ionization  is  simply  determined 
by  balancing  the  energy  and  entropy  in  the  equation  F  =  E  -  TS.  When  T  is  low, 
the  entropy  term  T8  is  nsgiigft>le  and  one  simply  looks  for  the  state  of  lowest  energy 
which  in  general  will  be  the  system  of  neutral  atoms,  with  all  electrons  to  the  ground 
state.  Since  the  entropy  of  state  i  is  proportional  to  the  logarithm  of  the  number 
of  microstates  in  that  state  {Sj  -  k  taggtE|)  if  weosa«gas  as  above  that 
Fj  =  -kT  log  Z*^  and  Z* *  *  =  g(  Ej )  e~^Kl|,  then  it  follows  that  Mates  with  a  larger 
number  of  independent  particles  will  have  larger  entropy  since  they  have  more  possible 
configurations.  Hence  as  the  temperature  increases  and  the  term  T8  becomes  more 
important  in  the  free  energy,  states  with  more  particles  (l.e. ,  ionized  states)  will  be 
favored.  At  very  hi^i  temperatures  the  importance  of  the  energy  of  each  state  will  be 
negligible,  and  only  the  entropy  will  count;  hence  the  system  will  become*  completely 
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ionized  in  order  to  have  the  largest  possible  number  of  independent  particles  and  the 
largest  number  of  possible  microstates. 

It  is  clear  from  the  above  argument  that  as  coon  as  one  knows  the  free  energy  for  each 
possible  state  of  the  system  as  a  function  of  temperature  and  volume,  it  is  possible  to 
determine  which  will  be  the  equilibrium  state  at  a  given  temperature  and  volume  by 
looking  for  the  lowest  free  energy.  In  the  case  of  an  ideal  gas  mixture  -  in  which  each 
electron  is  either  bound  in  its  lowest  energy  level,  or  free,  and  interactions  between 
particles  are  ignored  ~  the  process  of  minimizing  the  free  energy  leads  to  the  Saha 
equation  for  ionization  equilibrium.  In  the  more  general  case  when  these  assumptions 
are  not  permitted,  the  free  energy  method  still  can  be  used  to  find  the  equilibrium 
composite  of  %ke  system. 

EFFrCT  OF  PARTICLE  INTERACTIONS  ON  IONIZATION  EQUILIBRIUM 

The  standard  theory  described  in  the  previous  section  needs  to  be  improved  in  two 
important  respects  before  it  can  be  used  to  calculate  occupation  numbers  in  a  gas  of 
moderate  density.  First,  a  consistent  way  must  be  found  to  calculate  the  populations 
of  excited  electronic  states  ia  atoms;  and  second,  the  effects  of  particle  interactions 
must  be  taken  into  account.  One  might  think  that,  in  view  of  the  technical  difficulties 
involved  in  treating  particle  interactions  in  systems  of  medium  density,  it  would  fee 
better  to  pontoons  the  second  correction  and  concentrate  on  the  Hsr4  "me,  in  the  hope 
that  it  would  ;*t  least  provide  an  approximation  valid  at  low  densities.  Unfortunately 
this  does  not  seem  to  be  possible,  for  fat  least  in  the  present  state  of  the  theory) 
excited-state  populations  are  closely  linked  to  particle  interactions,  and  one  cannot 
get  a  reasonable  result  for  the  former  quantities  simply  by  ignoring  the  latter. 

To  illustrate  the  difficulty  in  its  simplest  form,  consider  the  electronic  states  of  the 
hydrogen  atom.  According  to  quantum  mechanics,  there  are  an  infinite  number  of 
energy  eigenvalues,  which  may  be  divided  into  two  categories:  a  discrete  (but  infinite) 
set  of  bound  states  Eq  ,  a  -  1  to  .  and  a  continuous  set  of  Cree-particle  states 
with  energies  E( p) .  where  the  momentum  p  can  have  any  value.  The  bound  state 
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energies  are  negative,  and  are  proportional  to  l/n2  so  that  they  pile  up  just  below 
zero;  the  unbound  states  have  positive  energies,  and  are  roughly  uniformly  dbirlbutcd 
with  respect  to  momentum  except  for  small  energies  just  above  zero.  The  number  of 
states  corresponding  to  each  bound  energy  level  is  2n2 . 


If  we  applied  the  canonical  ensemble  method  to  calculate  the  number  of  a»nm«  in 
various  states  of  'ucitatico,  we  would  find  that  all  atoms  are  ionized  at  any  fin*!** 
temperature,  because  the  continuous  infinity  of  unbound  states  Is  (according  to  the 
mathematical  definition  of  orders  of  infinity)  of  a  higher  order  than  the  discrete  infin¬ 
ity  of  bound  states.  If  we  try  to  avoid  this  conclusion  by  arbitrarily  excluding  the 
unbound  states  and  ask  for  the  relative  probabilities  of  the  bound  levels,  we  find  that 
the  probability  that  the  atom  is  in  its  ground  state  is  essentially  zero  at  any  finite 
temperature,  because  there  are  an  infinite  number  ci  excit  vl  states.  Another  way  of 

stating  Uds  is  to  say  that  the  partition  function  sum  is  divergent:  2  =  2  e  E°  + 
~&Eq/4  -0Eq/9  ~0Eq/16 

Be  *  18  c  +32e  +  .  .  =  «  ;  hence,  the  probability  that  the 

atom  is  in  its  ground  state  U  p  -  ~ 

The  explanation  of  this  paradox  is  that  the  set  of  eigenvalues  mentioned  above  is  rele¬ 
vant  only  for  a  single  hydrogen  atom  in  infinite  space,  so  that  the  possibility  of  statis¬ 
tical  equilibrium  with  other  particles  or  a  heat  hath  at  some  temperature  is  excluded 
in  principle.  As  soon  as  one  looks  for  energy  eigenvalues  in  a  slightly  different 
situation  -  where,  for  example,  the  atom  is  enclosed  in  a  very  large  but  finite  box  - 
be  finds  that  there  is  only  a  discrete  set  of  free-partfcle  states,  not  &  ccattau^m,  and 

i  only  a  finite  number  of  booed  states.  Of  course  when  the  box  is  very  large  compared 

? 

to  atomic  dimensions,  the  allowed  energies  for  free- particle  states  become  very 
|  densely  distributed  and  almost  continuous,  and  the  lower  energy  levels  ire  almost 
exactly  She  same  as  those  for  the  atom  in  infinite  space .  if  this  were  not  so,  the 
experimental  verification  of  quantum  mechanics  by  spectroscopy  would  be  much  more 
difficult  than  it  actually  is.'  Nevertheless  there  is  a  significant  difference  between  the 
two  cases,  finite  and  infinite  volume,  and  it  is  especially  important  fc~  the  Maher 
excited  states.  These  are  just  the  states  correspond  to  charge  distributions 
spread  out  over  the  entire  vcdume  of  the  container;  the  existence  of  bound  states  with 
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infinitesimal  binding  energy  Is  closely  connected  with  the  peculiar  long-range  charac¬ 
ter  of  the  Coulomb  force  law  between  charged  particles.  Any  type  of  screening  of  this 
force  -  as  might  be  expected  to  occur,  for  example,  in  an  ionized  gas  -  is  likely  to 
destroy  this  long-range  character  and  thereby  eliminate  the  loosely  bound  excited 
states. 


The  central  problem  in  calculating  occupation  numbers  is  to  find  a  reasonable  and 
practical  way  of  introducing  the  effects  of  particle  interactions  which  will  make  the 
partition  function,  summed  over  bound  states,  converge  to  a  finite  quantity,  hopefully 
not  much  larger  than  the  value  of  the  term  corresponding  to  ihe  ground  state. 

Many  different  methods  for  calculating  this  partition-function  cutoff  or  lowering  of  the 
ionization  potential  have  teen  proposed  (Refs.  13  through  25).  We  discuss  here  only 
two  of  them,  which  have  been  selected  as  being  most  suitable  for  the  particular  prob¬ 
lem  studied  under  the  contract: 

•  The  Debye-Httekel  corre<  ,;on 

•  The  ion-sphere  model 

The  Debye-Httekel  correction  is  based  on  an  approximate  evaluation  of  the  effects  of 

electrostatic  interactions  of  charged  particles  in  a  plasma  or  electrolyte  solution;  it 

has  been  extensively  used  in  many  other  problems,  and  appears  to  be  quite  accurate 

at  low  densities  and  high  temperatures.  As  applied  to  this  problem,  it  has  the  effect 

of  increasing  the  energy  of  interaction  of  an  electron  (charge and  a  nucleus  (charge 

2 

ie)  by  an  amount  edh  =  ze  /D  where  the  Debye  length  D  is  defined  as 

D  =  (4re2/kT)2(zf  +  ^n, 

*  i 

in  an  ionized  gas  consisting  of  ions  of  charge  zf .  Note  that  D  will  be  large, 
and  E—  small,  when  the  density  is  Jmv  and  temperature  is  hisb.  We  wflfdisgasg 

iift 

the  Defeye-HGckel  correction  in  more  detail  in  the  following  subsection;  we  remark  only 
that  it  corresponds  to  taking  account  of  the  screening  effect  in  an  ionized  medium 
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which  is  caused  by  the  tendency  for  electrons  to  cluster  around  ions  and  thus  reduce 
the  effective  force  exerted  by  that  ion  on  mother  charged  particle. 

The  ton-sphere  model  Is  the  one  actually  used  to  obtain  our  occupation  numbers.  In 
this  calculation  die  volume  of  the  gaa  la  divided  into  sub-volumes,  called  ion  spheres. 
Each  ion  sphere  contains  one  ion  and,  on  the  average,  sufficient  free  electrons  to 
render  it  neutral.  A  state  J  of  the  Ion  sphere  is  characterized  by  the  number  »j 01 
bound  electrons  in  the  Ion  sphere . 

The  probability  that  aa  lea  sphere  chosen  at  random  is  is  the  state  J  is  gives  by  the 
grand  canonical  ensemble  expression  Pj  =exp(-jmj-0E j)/Qiu,0)  where  Q (#x,0) 
is  the  grand  partition  function.  Note  that  the  ensemble  is  grind  with  respect  to  the 
free  electrons  only,  the  number  of  ions  being  held  fixed.  Each  ion  sphere  la  treated 
as  if  it  were  a  separate  thermodynamic  system  which  does  not  exert  any  forces  on  the 
other  ion  spheres,  but  can  exchange  energy  and  free  electrons  with  them.  The  energy 

E.  is  the  sum  of  the  bound-free  interaction  energy  and  the  energy  of  the  bound  elec- 

*  0 
Irons  moving  in  the  field  of  the  nucleus.  Thus  Ej  may  be  written  =  E,  ♦  Ar_. 

where  A  lathe  bowd-free  interaction  energy  per  botmd  electron.  The  remainder  of 
0 

the  energy,  E  ? ,  is  assumed  to  be  the  same  as  that  of  an  isolated  ion  in  the  name 
state,  and  hence  is  obtainable  from  spectroscopic  data.  The  values  used  were  those 
contained  in  Moore's  table  (Ref.  11),  supplemented  by  estimates  of  the  missing  values. 

The  value  takes  for  k  is  (3/2)(fije2/a)  where  fif  is  the  average  number  of  free 
electrons  per  ion  sphere  and  a  is  the  radius  of  the  ion  sphere.  The  details  of  the 
method  of  arriving  at  this  estimate  of  X  have  bean  described  in  Ref.  4;  another 
method  for  deriving  it  will  be  indicated  in  a  following  subsection.  In  general  it  may 
be  said  that  the  model  assumes  uniform  charge  density  and  is  based  on  approxi¬ 
mations  valid  at  high  densities. 

Since  the  energy  change  in  the  ioo-aphere  model  is  simply  proportional  to  the  number 
of  frew  ciccitvuH,  it  ***,  She  ssss  effect  as  s  chssgs  is  the  ehssisg!  p9isa“s?  **  for 
these  electrons  in  the  grand  canonical  ensemble  probability  formula.  Thus,  one  can 
write  the  probability  in  the  form  p^  -  exp(-pgn.  -  0E®)/Q )  where  =  p  +  . 
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This  Is  almost  Use  same  as  the  formula  for  the  ideal  gas,  since  the  chemical  potential 
M  is  only  a  dummy  variable  which  is  determined  by  the  density,  and  calling  it  /sig 
does  not  have  any  significance.  The  only  effect  of  the  energy  correction  is  to  elimi¬ 
nate  all  the  bound  states  whose  binding  energy  is  less  than  X  from  the  sum  over 
states  in  Q .  This  actually  requires  an  iterative  procedure,  since  X  cannot  be  com¬ 
pletely  determined  until  the  ion-sphere  radius,  and  heme  the  density,  is  known;  and 
the  density  in  turn  is  not  known  until  one  has  started  with  a  trial  value  of  u  and  calcu¬ 
lated  the  partition  function  by  summing  over  states.  However,  in  practice  the  conver¬ 
gence  of  the  iteration  is  quite  fast,  so  the  method  is  practical. 

INTERACTIONS  AT  LOW  DENSITIES;  JUSTIFICATION  OF  THE  DEBYE-HtJCKEL 
CORRECTION 

In  a  gas  at  very  low  density,  the  ionization  potential  3^  flat  occurs  in  the  Saha  equa¬ 
tion  is  essentially  the  work  that  must  be  done  on  an  electron  to  remove  it  to  an  infinite 
distance  from  its  bound  orbit  around  a  nucleus.  In  an  ionized  gas  at  moderate 
density,  however,  die  electron  is  not  really  being  removed  to  infinity,  but  only  to  a 
distance  that  is  farther  from  the  nucleus  than  half  the  average  distance  between  ions 
in  the  gas;  and  its  potential  energy,  when  it  is  free,  is  not  zero  as  in  the  previous 
case,  but  finite,  because  it  is  still  being  attracted  by  all  the  ions  in  the  pis,  and 
repelled  by  all  the  electrons.  These  forces  do  not  balance  out  to  zero,  even  though 
there  may  be  an  equal  amount  of  positive  and  negative  charge,  because  the  electron  is 
more  often  found  near  an  ion  than  near  another  electron.  Hence  the  work  required  to 
remove  the  electron  from  the  atom  is  reduced,  and  the  ionization  potential  is  lowered. 
The  actual  amount  of  lowering  can  be  calculated  in  various  ways,  leading  to  different 
results* and  as  yet  there  is  no  established  experimental  method  that  can  definitely 
determine  which  result  is  correct.  The  two  methods  mentioned  previously  -  Debye - 
Huckel  correction  and  ion-sphere  model  -  are  based  on  two  different  views  of 
the  interaction  of  free  electrons  with  ions.  The  first  assumes  that  the  distri¬ 
bution  of  charge  around  any  given  charge  is  determined  by  the  classical  Boltzmann 
distributism:  the  positions  of  both  ions  and  electrons  are  random,  aside  from  the  pref¬ 
erential  weighting  of  configurations  in  which  positive  charges  are  surrounded  by  nega¬ 
tive,  and  conversely.  The  second  method  is  based  on  the  assumption  that  the  ions  arc 
fixed  in  a  regular  arrangement  in  space,  and  that  the  electrons  in  the  neighborhood  of 
each  ion  have  a  uniform  distribution  within  a  sphexe.  interacting  with  each  other  but 
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not  with  other  electrons  or  ions.  This  model  is  more  appropriate  to  a  high-deaslly 
system,  in  which  the  net  charge  in  each  sphere  averages  to  zero  and  fluctuations  can 
be  ignored.  The  actual  expression  for  the  energy  used  in  the  ion-sphere  model  can 
also  be  derived  from  quantum  mechanics  (Ref.  8). 

The  starting-point  for  the  derivation  of  the  Debye-ffilckel  correction  may  be  taken  to 
be  Poisson's  equation  for  the  electrostatic  potential, 


where  n£  is  the  electron  density,*  and  nf  la  the  density  of  ions  of  charge  *j.  It  is 

assumed  that  these  densities  are  determined  by  the  electrostatic  potential  energy  <C> 

according  to  the  classical  Boltzmann  distribution,  n^r)  «  n^*)  exp  (-ZjeO/kT) 

and  a  similar  equation  for  n  ;  n.(*° )  and  n  ( « )  are  the  ion  and  electron  densities 

Cl  c 

st  infinite  distance  from  some  charge  considered  fixed  at  the  center;  they  aijr  also  be 
taken  to  be  the  average  densities  in  the  system  when  no  charge  is  considered  fixed. 

The  combination  of  Poisson's  equation  with  the  Boltzmann  formula  for  the  charge  densi¬ 
ties  la  called  the  PoUsou-Bolizmana  equation.  It  should  be  emphasized  that  it  is  not 
an  exact  equation,  because  it  is  derived  from  two  principles  that  are  valid  under  dif¬ 
ferent  conditions.  The  Poisson  equation  applies  to  a  static  distribution  of  charges, 
whereas  the  Boltzmann  distribution  represents  the  moat  probable  distribution  whe  n  an 
average  is  taken  over  all  mic^tatea  in  thermal  equilibrium  at  a  temperature  T . 

Any  one  of  these  miezoetate  distributions,  if  it  were  frozen  to  zero  temperature,  would 
satisfy  Poisson's  equation;  but  in  reality  there  are  rapid  fluctuations  from  one  micro- 
state  to  another  in  the  canonical  ensemble,  and  the  Pclsson-Boltzmaim  equation  leaves 
crat  the  effects  of  these  fluctuations.  Nevertheless,  when  treated  in  the  approximate 
way  employed  by  Debye  and  HTkkel,  it  happens  to  give  the  correct  limiting  law  for  the 
thermodynamic  properties  at  low  densities  and  high  temperatures.  Debye  and  Httcfcel 
replaced  itet  exponential  terms  on  the  right-hand  side  of  the  equation  by  flic  first  two 

.  - - ......  I  — —  1  —  j t.  \  fiX 
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•Her  ind  elsewhere  in  this  section,  density  means  number  of  particles  in  tmSt  volume, 
mi  r>-  ws  in  unit  volume. 
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term*  which  to  independent  of  0  #  to  just  the  total  net  charge  density,  which  to 
assumed  to  be  aero;  hence  the  right-hand  side  of  the  equation  to  just  proportional  to 
6  in  this  approximation,  and  the  differential  equation  can  easily  be  solved.  The  solu¬ 
tion  which  satisfies  the  correct  boundary  conditions  for  an  ion  of  charge  eZj  fixed  at 
the  origin  is  0  =  (cZj)  (exp  ( -  r/D)/r)  where  D  is  the  Debye  length  defined  above. 
Thus  the  effective  potential  acting  on  the  other  electrons  and  ions  lochs  like  a  Coulomb 
potential,  ez^/ r,  for  small  distances,  bid  has  a  screening  factor  exp  ( -  r  /D)  which 
makes  it  go  rapidly  to  zero  at  large  distances. 

When  the  Bebye-HOckel  theory  to  used  to  calculate  the  energy  and  free  energy  for  an 
ionic  system,  it  is  found  that  there  to  a  negative  term  proportional  to  (e  /D)  for  each 
charged  particle.  This  term  can  be  incorporated  into  the  Saha  equation,  where  it  has 
the  effect  of  a  lowering  of  the  ionization  potential;  Iftewise  it  can  be  used  in  the  occu¬ 
pation  number  formula,  where  it  has  the  effect  of  raising  the  energy  of  each  bound 
state  and  Urns  bringing  it  closer  to  the  continuum  of  unbound  states  (Refs.  13  and  26 
through  28).  It  should  be  noted,  however,  that  the  correction  has  no  effect  on  the 
relative  occupation  numbers  of  two  low-lying  bound  stater,  although  it  would  eliminate 
entirely  some  of  the  upper  states  fay  "pushing  them  into  the  continuum"  of  free  states. 

The  effect  of  the  Debye-HBck/sl  correction  can  also  be  understood  directly  from  the 
viewpoint  of  free  energy  discussed  in  the  last  section.  When  the  Defaye-HBchei  cor¬ 
rection  is  introduced,  it  lowers  the  free  energy  of  the  more  strongly-ionized  states 
and  shifts  the  equilibrium  in  the  direction  of  increased  ionization. 

As  mentioned  above,  the  original  derivation  of  the  Debye-HSekel  correction  from  the 
Fotoaon-Roltznuum  equation  may  not  be  entirely  reliable  because  the  effects  of  fluctu¬ 
ations  have  been  ignored;  moreover,  it  appears  that  the  expansion  of  the  exponentials 
and  consequent  dropping  of  higher  powers  of  6/kT  would  lead  to  serious  errors  at 
low  temperatures.  Indeed,  at  any  temperature  the  ratio  of  0  to  kT  would  be  quite 
large  for  small  values  of  r ,  and  one  could  only  hope  that  such  values  of  r  would  not 
contribute  very  much  to  the  integrals  over  configurations  that  must  be  performed  in 
order  to  compute  thermodynamic  properties. 
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Daring  the  tael  IS  years  there  have  been  several  attempts*  to  justSf  he  Debye-HOekel 
theory  on  the  basis  of  statistical  mechanical  principles,  and  to  estimate  its  accuracy 
at  higher  densities  and  lower  temperatures  (Refs.  30  through  65).  In  work  performed 
under  the  predecessor  to  this  contract.  Siege rt  has  studied  this  question  for  the  pur¬ 
pose  of  establishing  a  firm  basis  for  the  compilation  of  occupation  numbers  in  an 
ionized  gas  (Ref.  6).  He  considers  the  gas  as  a  system  of  Ions,  neutral  atoms,  and 
electrons;  the  quantum  states  of  the  ions  ami  neutral  atoms  are  considered  as  known, 
either  from  experiment  or  from  approximate  theoretical  calculations.  Only  those 
excited  states  ate  included  for  which  the  mean  radius  of  the  charge  distribution  does 
nut  nvceu  s  specified  value.  The  results  of  the  calculations  turn  to  be  independ¬ 
ent  of  the  choice  of  this  value  within  reasonable  limits.  Electrons  are  counted  as 
free  if  they  are  not  included  in  the  ions;  this  does  not  of  course  imply  that  the  interac¬ 
tions  between  electrons,  and  between  ions  and  electrons,  arc  neglected.  The  free 

electrons  are  treated  classically;  this  requires  that  the  thermal  wavelength 
1/2 

A  *  h/(2smkT)  is  small  compared  with  the  mean  distance  between  electrons  and 
the  mean  distance  between  electrons  and  loan,  tad  thereby  Imposes  a  temperature- 
dependent  upper  limit  on  the  density  for  which  the  calculations  are  applicable. 

The  forces  between  the  charged  particles  are  approximated  by  modified  Coulomb 
potentials,  ( 1  -  e~ar)/r ,  where  a"1  is  a  length  parameter  of  order  ID”  9  cm. 

Unlike  the  screened  potential  that  results  from  solving  the  Potsson-Boftamann  equa¬ 
tion,  this  is  a  potential  that  behaves  like  a  Coulomb  potential  at  large  distances,  but 
remains  finite  at  the  origin;  it  is  not  derived  from  anything  else,  but  Is  taken  as  put 
of  die  definition  of  the  model.  The  Utroducticm  of  the  cut-off  serves  two  purposes: 

(1)  due  classical  partition  function  for  a  system  of  charged  particles  with  pure 
Coulomb  interaction  is  infinite,  if  charges  of  both  signs  are  present,  since  there  is  a 
possible  configuration  with  infinite  negative  energy  -  positive  and  negative  charges 
at  the  same  point  -  which  makes  the  Boltzmann  factor  infinite.  Yet  if  the  calculation 


•There  have  been  two  principal  lines  of  development.  The  first  starts  from  the 

-J  J  r  (Ref.  30)  n* — ft —  fnt«rrr«1  MMMiac 

for  the  pressure,  while  apparently  divergent  for  Coulomb  interactions^  am  be 
rearranged  so  as  to  eliminate  infinite  terms  and  give  the  Debye-Httcket  correction 
as  a  first  approxira?iion.  The  second  approach  is  based  on  N.  N.  Bcgoliubov's 
method  for  describing  statistical  equilibrium  by  means  of  an  Infinite  set  of  distribu¬ 
tion  fonetfons,  originally  published  in  1946  (Ref.  38). 
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is  carried  through  with  a  finite  value  of  o ,  it  is  found  that  the  free  energy  becomes 
independent  of  a  at  low  densities,,  and  a  can  be  taken  as  small  as  one  wishes. 

(2)  The  calculation  with  this  cu* -off  indicates  to  what  extent  the  actual  deviations  of  the 
interparticle  forces  irom  the  Coulomb  law,  such  as  short-range  repulsive  or  attrac¬ 
tive  forces  depending  on  atomic  structure,  affect  the  results.  It  turns  out  that  short- 
range  forces  can  be  ignored  in  the  low-density  ionized  gas.  The  reason  is  that  the 
energy  per  particle  due  to  long-range  Coulomb  forces  is  proportional  to  the  square 

riVlf  nf  IKa  rianalft/  nf  nkawnMl  naffflrulfic  — .  «wa mmk i Aauwf  «Iuu«a  it  Ia  M»AMAallAn*1 
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e  /D ,  and  D  is  inversely  proportional  to  the  density  -  whereas  the  energy  due  to 
short-range  forces  is,  at  low  densities,  just  proportional  to  the  density  since  it  ic 
proportional  to  the  number  of  collisions  experienced  by  a  particle.  Hence  the  ratio  of 
the  energy  of  short-range  forces  to  that  of  long-range  forces  is  proportional  to  the 
square  root  of  density,  and  must  go  to  zero  as  the  density  goes  to  zero. 

Siegert  (Ref.  S)  has  shown  that  the  results  previously  established  for  the  free  energy 
of  ionized  systems  can  be  directly  applied  to  yield  a  formula  for  occupation  numbers. 

He  has  also  examined  the  validity  of  the  Debye-Httckel  approximation  by  expressing 
the  canonical  ensemble  partition  function  in  terms  of  collective  coordinates,  and 
applying  the  central  limit  theorem  of  probability  theory.  The  result  is  that  the  Debye- 
HOckel  correction  is  valid  provided  that  the  condition!  (6 )J^3/(2x )5^3 1 1  ( V/N )l^3/D|  «x  1 
is  satisfied,  where  N  is  the  number  of  charged  particles  in  volume  V.  This  is  a 
more  quantitative  way  of  stating  the  condition  that  the  geometric  mean  distance  between 
particles  must  be  small  compared  with  the  Debye  length  D . 

In  Appendix  A  (Sec.  A.  1),  DeWitt  has  generalized  Siege  it's  theory  of  occupation  num¬ 
bers  by  using  the  grand  canonical  ensemble.  There  are  at  least  two  reasons  why  this 
generalization  is  useful.  First,  by  using  the  grand  canonical  ensemble  it  is  easy  to 
include  quantum-ss^fe^fgal  electron  degeneracy  effects.  Second,  results  for  the 

!rtorflrt(fai  frea  ia^Iigjjng  n»iai£?tg«  e&Ma  (nr  m  tjnrnn  njaema  an>  iuaiu« Iju 

obtained  using  the  grass  partiHon  fsmetfoa. 
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Since  we  will  also  need  the  quantum-mechanical  expression  for  the  electron  distribu¬ 
tion  function  when  we  discuss  the  basis  for  the  ion -sphere  model,  it  seems  worthwhile 
to  review  its  derivation  at  this  point. 


Assume  we  have  a  grand  canonical  ensemble  of  systems  of  electrons,  characterized  by 
a  temperature  T  and  a  chemical  potential  p .  Each  electron  may  have  one  of  an  infi¬ 
nite  number  of  possible  energies,  which  we  call  EQ ,  ( , . . .  (this  is  a  discrete, 

not  a  continuous,  set  of  numbers).  No  two  electrons  may  have  ♦***»  c,tmi>  energy;*  but 
aside  from  this  "exclusion  effect"  there  is  no  interaction  between  the  electrons.  The 
number  of  electrons  that  have  energy  will  be  called  ;  and  by  our  hypothesis, 

Dj.  -  0  or  1 .  The  total  energy  of  any  particular  microstate  of  n  electrons  is  then 
E  =  DqEq  +  njEj  +. . . ;  n  -*  +  nj  +  •  •  .  The  probability  off  this  microstate 

is  assumed  to  be  given  by  the  expression  quoted  for  classical  systems  in  the  second 
subsection,  provided  that  none  of  the  n^  is  greater  than  1  ,  but  is  otherwise  zero: 
POo-V-*  -  Ce',°H,E  ***”  C  l»  »  coneUnt  to  be  determine  I*  »umn>in* 
this  expression  over  all  values  of  all  the  ,  and  setting  the  sum  equal  to  1 .  As 
usual,  the  chemical  potential  p  is  to  be  chosen  so  as  to  make  the  average  value  of 
n  come  out  equal  to  the  desired  value. 


We  now  ask,  what  is  the  probability  that  there  are  electrons  with  energy  , 
regardless  of  the  number  of  electrons  with  other  energies?  This  probability  is  found 
simply  by  summing  the  above  expression  for  p  over  all  energies  except  : 


C  >  e 


1  -pn-fl(n()E0+n1E1+. . . ) 


pd'k)  =  y  -pn-«n0E04n1E1+. . . ) 
c  2,e 


i 

T 

4 
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maximum  number  of  electrons  with  a  given  energy  is  a  small  finite  number  can  be 
treated  in  a  similar  manner. 


ine 
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where  the  prime  on  the  upper  sum  mesas  that  all-valces  of  all  n's  except  are  to 
be  summed  over,  whereas  in  the  lower  sum  all  values  of  all  n’s  are  included.  It  is 
easily  seen  that  the  primed  sum  is  also  a  factor  in  the  unprimed  sum  and  thus  cancels 
out,  so  that  we  get 

P(^)  =  exp  H#*+  jib  cxp  H#»  ♦ 


Since  is  permitted  w  have  only  the  values  0  and  1 ,  this  reduces  to 
Pfn^)  =  exp  Hi* ♦  ^^1/1  ♦  exp  Hi*  ♦  0^)1  •  The  average  value  of  n^  can 
now  be  calculated:  it  is 

\  =HBkP<\)  1  8i>*0>+  «*0>  =  e*p|-0‘+@Ek)]/{l+«:pH(‘*flEk)l}  ■  l/ll+CTpOi+^JI 
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The  above  derivation  was  based  on  the  assumption  that  no  two  electrons  may  have 
exactly  the  same  energy.  If  instead  ilia  possible  for  as  many  as  g^  electrons  to  have 
the  same  energy,  the  earns  argument  still  applies  and  the  result  for  5^  is  simply  multi¬ 
plied  by  g}.  (for  example,  *  2  if  the  electrons  can  have  spins  up  or  down).  In  order 
to  use  this  general  formula  for  2^  it  is  necessary  to  know  what  the  allowed  energies 
are,  and  then  to  evaluate  the  sum  over  all  microstates  in  order  to  find  the  relation 
between  p  and  the  density.  It  is  usually  necessary  to  approximate  the  sum  by  an  inte¬ 
gral  for  this  purpose.  It  can  be  shown  by  solving  the  Schrbdinger  equation  that  the 
number  of  states  of  a  free  electron  without  spin  in  a  container  with  volume  V,  corals- 
poodinx  to  energies  between  E*  and  V*“k-  U  d^.  Tta»«ec«. 

calculate  approximately  the  average  value  of  any  quantity  that  depends  on  the  energies 
of  the  electrons,  F(E) ,  by  using  an  integral  of  the  form 


W)  =  (4wA3)m«  f  HE>E>/2dE 

j  l  ♦  expip  *  0E) 
0 
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In  particular,  the  total  number  of  electrons  in  all  states  is  found  by  setting  t(  E )  -  1 : 


n  »  ( 4«v/h3  )m/2m  J  VTe|>7  pffiE )  • 

0 

We  can  regard  this  as  an  equation  giving  p  as  a  function  of  n ,  even  though  there  is 
no  simple  solution  of  the  equation  except  for  the  special  case  of  zero  temperature; 
usually  we  have  to  End  p  by  numerical  calculation  or  by  expansion  in  power  series. 

For  calculations  with  tht  quantum-mechanical  electron  gaa  it  is  convenient  to  define 

the  set  of  functions 


m 

y«>  =  {i/r<m  ♦  i»  j  ^e)  ■ 

0 

These  are  standard  functions  that  have  been  extensively  studied  and  tabulated;  however, 
the  notation  and  definitions  vary  somewhat  with  different  authors. 

We  w  return  to  DeWitt's  theory  of  occupation  numbers  which  takes  account  of  quan¬ 
tum  effects  as  well  as  interact  loss  between  charged  particles. 

To  illustrate  a  few  points  that  will  come  up  in  the  treatment  of  a  multicomponent 
ionized  gas,  we  first  look  at  the  electron  gas  in  a  coEtlsuems  background  of  positive 
charge.  The  background  is  needed  to  ensure  electrical  i&ert-nitiy  of  the  system  but 
does  not  play  any  other  role  in  the  calculation.  The  grand  partition  function  is 

Q  =  exp  ( pJi  -  0E )  . 

H.E 

We  define  file  thermodynamic  potential  0  by  the  relation  Q  =  .  !i  cas  hs  shown 

that  l  is  equal  to  the  product  of  pressure  and  volume  for  the  system,  where  the 
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pressure  is  expressed  as  a  fo  .ctioo  of  the  che  aical  potential  n .  The  average  energy 
and  average  number  of  particles  may  be  found  by  differentiating  0Q  with  respect  to  0 
and  n,  respectively: 


I  =  .Ml  ,  £ e mdgLzMl 

90  Z  exp  ( pN  -  0E) 

V  .  =  SNexp(gN-flE) 

*  8ft  Z  exp  (pN  -  0E) 


For  the  elect roa  gas  with  interactions,  we  may  write  the  therraodyu  <aic  potential  as 


-l3/2(M> 
an  =  %j  a  e  * 

*  —  —  • 


int 


where 


£  = 


h3(  N/V ) 
2?^2(  2m!sT  )3^2 


=  I1/2(m0) 


The  first  term  represents  the  value  for  the  ideal  quantum  gas  without  interactions,  and 
the  second  term  (as  yet  undetermined)  represents  the  effect  of  interactions.  Similarly 
we  may  wz<+«  the  chemical  potential  as  the  sum  ot  its  ideal-ga*  **aiue  and  a  correction 
term  for  Interactions,  p  -  Uq  +  •  We  now  substitute  tide  into  the  above  expression 

for  N  and  make  a  Tay*or  expansion  in  powers  of  dp  „  dropping  terms  involving  sec¬ 
ond  or  hl/gher  r a  of  .  E  is  then  found  that,  when  the  interactions  can  be 
treated  as  a  small  perturbation,  the  shift  in  chemical  potential  is 


dp  =  - 
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Classical  Coulomb -interaction  gf£ec 4s  in  the  electron,  gas  are  functions  of  the  dimen¬ 
sionless  parameter  A  ~  pe2/D  =  2s1^2e303^2N/V .  In  the  grand  partition  function 
♦he  corresponding  quantity  is  Ae^  2  because  everywhere  N  appears  it  should  be 
replaced  by  .  The  Heimhottx  free  energy  for  the  classical  electron  gas  is 

SlofA  30  3A  3?  Am 

xt— —  »t?  »**u  v;  j*  ^  '  »  t*iWW  sv*’ 
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OF  =  n|(*0  -  1) -[^  (log  3A 

+  (terms  of  higher  order  in  A )  (C  =  constant) . 

The  Debye-H&ckel  correction  appears  as  the  term  -  N  ^  In  this  expression.  For  this 
case  the  correction  to  the  thermodynamic  potential  is  found  to  - 

«**  ■  -  2  - t(!o*3A  +  2C •  it)- 

For  the  more  realistic  case  of  a  multicomponent  ionised  gas  the  same  analysis  can  be 
carried  through  for  the  ion-ion  and  electron-electron  interactions,  hit  for  the  attrac¬ 
tive  ion -electron  interactions  one  has  to  start  out  with  some  kind  of  short-range  cut¬ 
off.  or  else  include  quantum  effects,  in  order  to  exclude  configurations  with  ions 
sitting  on  top  of  electrons.  Which  approach  is  chosen  will  depend  on  the  extent  of 
theoretical  progress  in  evaluating  the  quantum  effects  at  the  time  the  numerical  calcu¬ 
lation  is  actually  undertaken;  it  is  expected  that  a  good  quantitative  estimate  of  the 
quantum-mechanical  free  energy  for  electron  interactions  will  be  obtained  fairly  soon. 
The  following  treatment  is  general  enough  to  permit  the  use  of  any  exact  or  approxi¬ 
mate  expression  for  these  interactions  which  may  be  available. 


We  consider  a  gas  composed  of  N.  nuclei  of  charge  Z  and  ZNj  electrons.  At  low  - 
enough  temperatures  the  gas  will  consist  merely  of  neutral  atoms;  at  very  high 
temperatures  it  will  be  completely  ionized.  At  intermediate  temperatures  every 
ionic  species  Is  possible;  we  characterize  a  state  of  the  system  by  the  number  of  free 
electrons,  n  ,  and  the  number  of  ions  of  charge  z.n  (z  =  0  to  Z) •  The  quantum 
numbers  for  the  internal  energy  states  of  an  ion  of  charge  z  will  be  denoted  collec¬ 
tively  as  J  :  the  number  of  such  ions  in  state  J  will  be  called  n_  ,  ,  and  the 
energy  levels  will  be  denoted  e(z ,  Jz ,  ng ,  { ng} ) .  These  levels  are  functions  of  tike 
numbers  of  various  kinds  of  charges  because  the  energy  levels  of  the  ion  in  a  vacuum 
jdenoted  by  £°(z,Jz)|  will  be  shifted  upward  due  to  screening  by  other  charges  in 
the  plasma.  If  oae  assumes  that  the  least-bound  electron  on  an  ion  of  charge  z 
moves  in  a  Coulomb  field  corresponding  to  a  mtral  charge  z  +  1  (nucleus  and  core 

oi  eVcir&ssti*  but  will  this  Cotaiorab  field  screened  according  to  iltcDebye- 

o 

HSdcel  theory,  so  that  the  effective  potential  is  -( z  +  1  )(e  /r)  exp  ( - r/D) ,  thenthe 


m 


energy  levels  will  be:  c(s , .n^ ,  {nj)  *  e°( * .  )  -  ( *  +  1  )e2/D  +  5e(Jz ,  nc§  {n^}) 

where  the  vacuum  levels  will  be  hydrogenic,  the  second  term  is  a  constant  energy  shift 
upward  for  all  levels,  and  the  third  term  will  be,  in  lowest  approximation,  the  differ¬ 
ence  between  the  Debye  screened  potential  and  the  original  Coulomb  potential,  aver¬ 
aged  over  the  charge  distribution  of  J  .  ft  is  assumed  here  that  tie  energy  of  the 

level  is  measured  from  the  vacuum  continuum  limit.  Actually,  however,  the  con- 

> , 

tinman  limit  for  electrons  is  effectively  lowered  by  the  amount  -  e  7D  .  Thus 
bound  levels  shove  tide  lowered  continuum  limit  find  themselves  no  longer  bound. 

The  number  of  states  So  be  counted  as  bound  is  determined  by  the  condition  that: 

*{*•■»,. ««■{“*})  *e2/D  <0 ■ 

As  Siegert  (Ref.  6)  showed,  the  probability  of  a  state  with  n  free  electrons  and  the 

set  {n  T}  of  occupation  numbers  for  the  ions  is 
Zt  <1 


where  Aft  =  h/(2mckT)1^2,  Aj  =  h/(  2mikT  )^2 ,  »z  =  spin  of  ion  with  charge  x. 
The  term  in  the  exponential  is  the  Coulomb  free  energy  dse  to  the  inters  km  of 
free  electrons  and  io&s,  which  is  Just  the  Debye-HOckel  correctly  if  the  denaASy  s 
sufficiently  low. 


-fh 


1  Jf 

W  * 


The  last  term  in  the  exponential  is  the  effect  of  short-range  foromi,  m vtllMm  totm  ,to 
the  second -virlal -coefficient  approximation. 
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This  result  could  be  improved  by  treating  the  ions  as  extended  structures  rather  than 
as  points,  perhaps  by  describing  the  bound  electrons  with  some  kind  of  form  factor. 
Also,  it  could  include  the  ekeiroGtatic  free  energy  terms  of  order  A  mentioned 
above,  (Refs.  32,  34,  37,  and  40])  which  can  be  generalized  to  multicomponent  sys¬ 
tems  although  a  cutoff  is  required  for  the  ion-electron  interactions.  A  consistent 
quantum-mechanical  treatment  of  these  interactions  would  have  to  include  both  bound 
and  scattering  states  *if  the  electron,  so  that  the  separation  of  the  total  energy  into 
distinct  contributions  from  free  and  bound  electrons  which  is  implied  by  the  above 
formula  may  not  be  exactly  correct. 


From  this  expression  for  p ,  we  wish  to  find  the  moat  probable  state,  subject  to  the 
condition  of  electrical  neutrality,  n  =  ]>zn  .  This  can  be  done  with  a  slight  modi- 
fication  of  the  grand  canonical  ensemble  method,  or  equivalently  by  the  method  of 
Lagrange  multipliers.  We  introduce  two  multipliers,  cr^  and  ,  and  determine 
the  state  for  which  the  quantity  L  =  log  p  +  +  ae(*e  -  )  is  stationary. 

The  result  is  that  the  average  occupation  numbers  are 
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The  equation  for  n  T  contains  two  terms  not  present  in  Siegert's  expression, 

Z'JS  a, 

namely  that  containing  .  which  takes  into  account  the  possible  density  depend¬ 
ence  of  the  energy  levels,  and  the  term  involving  the  second  virial  coefficient  b,(PJ 

for  interaction  between  nesdral  atoms  (mite  that  the  Kronecker  symbol  6  is  1  if 

z 

z  =  0  and  0  otherwise).  The  equations  are  not  explicit  expressions  for  the 
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occupation  numbers,  since  the  occupation  numbers  themselves  appear  in  the  exponents 
on  the  rigLi-hand  sides,  and  also  since  the  chemical  potentials  cr^  and  t>e  have  not 
yet  been  determined  ae  functions  of  density.  This  determination  requires  summation 
over  all  occupation  numbers  for  different  states  of  each  ion;  but  the  number  of  states 
to  be  included  in  the  -an  will  in  torn  depend  on  the  amount  of  lowering  of  the  ionisa¬ 
tion  potential  and  hence  on  the  composition  of  the  system.  Just  as  in  the  fon-epfeere 
model,  an  iterative  procedure  is  needed.  One  possii  ;*  scheme,  which  bm  not  yet 
been  tried  out  in  practice,  is  to  use  the  following  expression  ter  the  average  i ionic 
charge  £ 


Z 


and  express  a  in  terms  of  the  denies!  potential  In  the  absence  of  inss'Mee, 
c 

aQ,  and  the  corrections  for  interactions: 


where 


eO 


=  *  tog 


hr  (  aNj/V  ) 
2*3^2(2mkT)3/2 


One  can  guess  a  value  for  £ ,  then  compute  and  and  substitute  these  values 
into  the  equation  for  n  .  to  determine  a  new  value  of  Z ,  continuing  until  conver- 
gence  is  attained. 


Quantum  effects  for  the  electrons  can  be  included  in  this  scheme,  using  the  grand 
canonical  ensemble;  the  thermodynamic  potential  is 
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where  f  is  defined  in  terms  of  the  partition  function  for  an  ion  of  charge  2 : 

Z> 

An  equation  tm  z ,  generalizing  the  one  given  above  for  the  classical  case,  has  also 
been  obtained;  is  cm  be  solved  fay  a  similar  iterative  procedure  to  get  occupation  num¬ 
bers,  valid  at  high  densities,  if  is  known. 


effect  which  should  be  included  is  the  shift  of  bound-state  energy  levels  due  to 
screening  of  the  interaction  between  the  nucleus  and  the  orbital  electron  by  other 
charged  particles  in  the  system.  The  magnitude  of  this  effect  can  be  estimated  by  the 
foll&wfsg  sf^ssmtat  (Appendix  A):  assume  that  we  have  decided  bow  many  levels  are 
to  go  Mo  the  calculation  of  f  ,  either  by  taking  the  last  one  under  the  lowered  con- 
tSama,  or  peifop  the  last  distinct  line  before  broadening  merges  the  remaining 
upper  levels.  Suppose  further  thsi  we  can  calculate  these  levels  by  solving  the 
SehrSdiager  equation  with  the  screened  Debye  potential,  (z  *  1 H e2/r  )  e~r^°  .  Sup¬ 
pose  further  that  the  resaUisjg  energy  levels  may  be  written  as  an  expansion  in  powers 
of  (s^/D)/(s  +  i>  sis.ee  ik&r  radius  for  the  core  charge  z  +  1  is  a^/iz+l): 


'j  e2 

{*U )  =  -^-P"  rytorgs  +  (z+  i )(e2/D)  -  a.  ,  — ~  +  a, 

aT  i,Z,J  4, 
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the  sssfilslesss  a  „  .  ars  numbers  to  be  calculated  from  the  multipole 
i-gstrls.  slssss---  .  Presumably  if  these  energy  levels  are  fed  into  the  cal- 

gtilausi  of  f_ ,  Ihsa  f  co*sld  !be  written  as  such  an  expansion: 
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The  terms  in  the  drimicai<fwtentiil  shifts  depending  on  the  energy  levels  can  be  esti¬ 
mated,  and  we  can  conclude  that  at  low  densities  lor  which  Sq  <c  D ,  only  the  first 
term  of  the  energy  shift  should  be  sufficient  to  give  an  accurate  result: 


Of 
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p  z  On 


Z-l  a* 

V  ^z' 

e  2 


0^2  (a  ♦  1  )z2nz  *  zn^zfz  +  l)/2 
20 


a'=0 


E*z" 


.  +  n 
a  e 


It  appears  that  this  result  could  be  of  the  same  order  as  the  shift  obtained  from  the 
Debye-Hbckek  free  energy.  This  effect  will  have  to  be  investigated  before  extensive 
calculations  with  the  electrostatic  free -energy  corrections  are  undertaken.  A  study 
of  this  effect  in  hydrogen  has  been  carried  out  from  another  direction  (under  the 
present  contract).  This  has  been  reported  in  the  open  literature  (Ref.  66)  and,  hence, 
will  not  be  discussed  here. 


INTERACTIONS  AT  HIGH  DENSITIES;  DBCUS8K0N  OF  ION-SPHERE  MODEL 

According  to  the  theory  of  ionization-potential  lowering  by  electron  interactions  - 
which  we  may  call  "pressure  ionization1'  for  brevity  -  electrostatic  effects  tend  to 
encourage  ionization  at  low  densities  and  high  temperatures.  Since  these  electrostatic 
effects  increase  with  density,  it  is  conceivable  that  at  some  point  they  could  outweigh 
the  usual  effect  of  pressure,  which  is  to  suppress  ionization.  Thus  we  might  observe 
that  the  degree  of  ionization  first  decreases  with  pressure  (as  the  Saha  equation  pre¬ 
dicts),  then  reaches  a  minimum  and  starts  to  increase  with  pressure.  This  is  indeed 
what  would  happen  if  the  Defaye-HBckel  correction  were  applicable  in  its  us«*a!  form 
at  high  pressures,  and  one  would  thus  have  "pressure  ionization"  due  to  a  purely 
classical  electrostatic  effect,  even  if  no  account  were  taken  of  quantum  effects  or 
shifts  of  eiectroa'c  energy  levels  (Refs.  26,  67,  and  68).  Actually  this  cannot  happen 
in  general,  for  the  Debye-Htlckel  theory  does  not  give  an  accurate  estimate  of  the 
classical  electrostatic  effects  at  higher  densities,  as  can  be  seen  from  the  fact  that  it 
predicts  that  the  total  pressure  of  an  ionic  mixture  at  fixed  composition  will  become 
negative  at  high  densities.  When  the  Debye-HUckel  theory  is  corrected  by  using  the 
results  of  resist  «ft$£$i£ea!  mechanical  theories  (Refs.  30  through  65),  together  with 
a  eutolr  m  the  Coulomb  potential,  the  difficulty  of  negative  pressure  is 

avoided,  and  it  S©  Sbund  that  meept  is  rather  special  cases  the  predicted  minimum  in 
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the  ionization  vs.  pressure  curve  occurs  at  a  pressure  so  high  that  the  theory  is  prob¬ 
ably  not  valid  (Ref.  69).  Unfortunately  meet  of  the  theoretical  treatments  of  the  classi¬ 
cal  ionized  gas  are  based  on  power  series  expansions  starting  from  the  low-density 
high-temperature  limit,  and  cannot  be  expected  to  give  reliable  results  at  high  densi¬ 
ties  and  low  temperatures;  moreover,  it  is  just  in  the  Utter  region  that  quantum  effects 
cannot  be  ignored.  We  mint  therefore  leave  open  the  question  of  the  behavior  of  the 
hypothetical  classical  ionized  gas  at  high  densities,  and  turn  to  another  model  which  is 
more  realistic  though  harder  to  treat  in  a  systematic  theoretical  way. 

It  seems  to  be  fairly  well  established,  by  a  combination  of  theoretical  and  experimental 
studies,  that  all  matter  will  be  completely  ionized  at  sufficiently  high  densities;  and 
that  even  at  moderate  densities  and  temperatures  the  effect  of  interactions  of  neighbor¬ 
ing  particles  on  an  atom  will  be  to  n  on  out  the  details  of  electronic  structure  that  are 
responsible  for  the  characteristic  "chemical"  differences  between  atoms  with  different 
nuclear  charges.  For  this  reason,  it  is  frequently  useful  to  treat  the  electrons  in  an 
atom  as  if  they  formed  an  "ideal  quantum  gas"  in  which  interactions  are  ignored  except 
for  the  assumption  that  the  density  at  each  point  is  determined  by  the  electrostatic 
potential  at  that  point.  This  is  the  weli-ksown  Thomas-Feral  model  of  the  atom.  It 
is  somewhat  similar  to  the  Debye-Huckel  theory,  in  that  it  starts  by  assuming  that  the 
electrostatic  potential  is  determined  by  Poisson's  e  quation. 


where  nQ  is  the  electron  density,  and  Is  the  number  density  of  ions  of  charge  z& . 
But  now,  instead  of  assuming  that  both  nfi  and  nf  are  related  to  $  by  the  Boltzmann 
formula  of  classical  statistical  mechanics,  we  use  the  Boltzmann  formula  only  for  the 
ions,  and  insert  the  appropriate  quantum-mechanics!  expression  for  the  electron  density, 

.  .  _ _ fsA<r)  1  _ _ 

Vc|  "  V“,ii1Sr‘  ‘  “l'*"*-0' 
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where 


F(i?) 


•0 

1 


t,/2dt 


1  +  exp  (t  -  tj) 


The  degeneracy  parameter,  a ,  Is  determined  by  the  equation 

n  (*>)  =  |2(2»mkT)3/2/h3l(2F(-a)//?]. 

For  the  region  of  moderately  high  densities,  with  which  we  are  concerned,  a  is 
always  positive  and  appreciably  larger  than  1 ,  and  we  can  use  the  approximation 
2F( -a  )/\rt  s  e~°  «  1 .  Essentially  this  means  we  are  assuming  that  the  free  elec¬ 
trons  axe  nondege aerate,  i.  e. ,  quantum  effects  are  small  for  them.  Close  to  the 
nucleus,  where  e$  >  akT,  there  is  a  region  of  degenerate  bound  electrons,  the  ion 
core. 


Following  Stewart  and  Pyatt  (Ref.  8),  we  can  write  the  Thomas-Fermi  equation  for 
the  ionized  gas  in  the  form 


1  df_ 

xdx2 


<xy) 


1 

fF(y-o) 

<ze-*y>i 

Z*  +  1 

l  F(-o) 

<z>  J 

where  y  =  e$AT,  x  =  r/D,  and  D  is  the  Debye  length;  the  symbol  <  >  means 
m  average  over  ionic  species  using  the  density  nt( « ) ,  and  z*  =  (x2)  /<Z)  .  The 
total  electrostatic  potential  6  is  then  separated  into  two  parts,  the  potential  due  to 
a  nucleus  considered  fixed  at  the  origin,  and  a  perturbing  potential  produced  by  free 
electrons  and  neighboring  ions.  The  perturbing  potential  satisfies  a  similar 
equation  in  which  only  the  free -electron  and  ion  densities  appear  (Ref.  8): 

=  1  fF(y  -  q,y)  _-z*yl 

x  ^2  *•+![  F(-o)  J 
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*•'**  «-«.  ***.  A  ks- 


where 


A  „  f  t1^2 

V  =  <*>,AT  ;  F<y  -  o.y)  =  j  fT^iT^'-y) ' 

y 

For  large  values  of  x ,  where  y  <c  l/z* ,  the  equation  for  y  reduces  to  the  Poisson 

0  «*x 

Boltzmann  equation,  which  has  the  usual  Debye-HQckel  solution  y  =  —  e  .In  this 
region  the  charge  densities  of  ions  and  electrons  nearly  cancel  and  most  of  the  elec¬ 
trons  are  free.  For  smaller  values  of  x,  if  z*  »  1,  there  is  a  region  where 
l/z*  «  y  «  1 .  and  the  density  of  the  ions  and  that  of  the  bound  electrons  are  small 
compared  with  that  of  the  free  electrons,  the  litter  being  approximately  constant  awl 
equal  to  its  asymptotic  value  n  («).  In  this  region  the  equation  for  y  is  spproxi- 
matiely  (Ref.  8) 


1  d 
*  dx2 


(xy) 


1 

z*  +  1 


t 

J 

£ 

f 

l 

4 

I 


which  has  the  solution  y  =  —  +  B  +  ^  where  A  awl  B  are  constants.  For 

even  smaller  values  of  x,  most  of  the  electrons  are  bound,  and  the  solutions  are 
those  of  the  usual  Thom&s-Fermi  theory.  If  we  ignore  this  inner  region  and  construct 
an  approximate  solution  for  the  two  outer  regions,  having  the  form 


y 


~  +  B 


6(z*  +  1) 


for 

for 


x  >  Xj 
x  <  Xj 


requiring  that  y  awl  dy/dx  be  continuous  at  x. ,  we  find  that  the  constants  must  be 

*  p/o 

\  related  by  the  equation  (Ref.  8)  -  2{  z*  +  l  )B  +  1  =  (3(  z*  +  1  )A  +  lp  .  Now  define 

Al_  .  — -Jit..—  —  * __  —J  —  lu.  tL. 

%.imZ  *VtiB0|»wv£  w  A  «***  »v»i  Vi  WSS— £1'*'  *•  Vjr  ««■  if* » 


4ra3  _  z  . 
3  “  n  («) 

C 
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It  is  then  found  that  when  the  ratio  g  is  small  (low  density,  high  temperature)  the 
relation  between  the  constants  reduces  to  A  =  -  B  =  ze2/DkT  and  the  electrostatic 
potential  is  the  same  as  the  Debye  potential;  when  g  is  large,  A  is  also  large,  but 
-B  reduces  to  -B  =  3ze2/2akT  which  is  equivalent  to  the  result  of  the  ion-sphere 
theory.  Thus  the  9tewart-Pyatt  theory  provides  s  justification  for  the  ion-sphere 
mode!  by  deriving  it  as  an  approximate  solution  of  the  Thomas- Fermi  model,  valid  at 
moderately  high  densities  and  low  temperatures,  and  at  the  same  time  showing  how 
the  same  basic  model  can  lead  to  the  Debye-Hlkkel  correction  at  low  densities  and 
high  temperatures. 

The  Tfeomas-Fermi  model  itself  is  of  course  only  an  approximation  which  is  inaccu¬ 
rate  except  at  very  high  densities.  In  recent  years  there  has  been  a  large  amount  of 
research  an  the  quantum-mechanical  electron  gas  (Refs.  70  through  76),  as  well  as 
some  attempts  to  deduce  the  Thomss-Fermi  model  ss  the  first  approximation  in  a 
systematic  power  series  expansion  starting  from  the  high-density  limit  (Refs.  77  and 
78).  Since  it  is  expected  that  this  research  will  eventually  lead  to  results  that  will 
be  useful  in  calculating  occupation  numbers  of  ionized  gases  at  high  densities,  we 
shall  summarize  here  what  is  now  known  about  the  free  energy  of  a  multicomponent 
plasma.  See  Appendix  A  (Sec.  A.  2)  for  the  details.  These  remarks  apply  mainly  to 
the  case  of  high  temperatures,  where  the  Debye-HUckel  term  with,  quantum-mechanical 
"diffraction"  corrections  is  the  dominant  Coulomb  interaction  contribution,  and  is  pro¬ 
portional  to  the  square  root  of  the  density.  We  shall  discuss  the  next  term  rover  this, 
which  gives  a  coot  rib  taioc  to  the  free  energy  proportional  to  p  log  p . 

For  simplicity  we  begin  with  a  discussion  of  a  one-component  plasma,  the  electron 
gas  In  a  continuous  positive  background  which  is  included  only  to  ensure  electrical 
neutrality.  The  state  of  such  a  plasma  can  be  described  in  terms  of  three  fundamen¬ 
tal.  length  parameters: 

2 

f.  —  C^Mk  r  ifeofasiftn  nf  siLiaii«*  ■  «>1» 

***  f  w  wssasrssssw  ~v« sg-Bi  wsgSW mm 

1/2 

fC  -  'S/fSmkT )'  =  thermal  DeBrogiie  wavelength 

g  —1/2 

D  *  (4r0e  p)  =  Debye  screening  length 
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The  three  possible  ratios  of  these  lengths  givre  the  dimensionless  parameters  which 
are  useful  for  writing  down  formulae  for  the  tree  energy,  namely: 

Classical  plasma  parameter,  A  =  L/D  -  2 »ly^e3/?3/^ply,“ 

t/o  1  /•>  _  1  /*> 

Quantum  diffraction  parameter,  y  =  JC/D  -  (2r>  “hetfp  “m 

Wigner-Kirkwood  expansion  parameter,  rj  -  x/L  -  y/A  -  2”  ** 

At  hi*h  temperatures  the  three  lengths  may  be  ordered  In  the  sequence  L  -  X  -  D 
and  hence  the  dimensionless  parameters  satisfy  the  relations  A  <  y  <  i .  i?  »  1 , 

This  is  the  limit  in  which  we  wish  to  give  a  correct  result  for  the  free  energy  of  the 
multicomponent  system.  "High  temperature”  here  means  that  kT  is  greater  than 
1  rydberg:  when  this  is  true,  the  thermal  wavelength  is  greater  than  the  distance  of 
closest  approach,  and  consequently  quantum-mechanical  diffraction  effects  must  have 
some  residual  importance. 

It  u*  possible  to  evaluate  the  free  energy  of  a  low-density  classical  electron  gas 
(h  =  0)  following  Meeron,  Friedman,  and  Abe  (Refs.  32,  34,  and  37).  Also,  by- 
using  the  Wigner-Kirkwood  expansion  (Refs.  79  and  80)  one  may  estimate  first-order 
quantum  corrections  due  to  the  uncertainty  principle  (i.  e. ,  "diffraction"  effects  but 
not  "statistics"  effects).  For  the  Coulomb  potential  the  Wigner-Kirkwood  expansion 
parameter  i is  i)  as  defined  above.  This  parameter  becomes  large  at  high  tempera¬ 
tures,  and  consequently  the  Wigner-Kirkwood  expansion  for  file  Coulomb  potential  can 
only  be  valid  in  the  low  temperature  limit  ( tj  <  1 ) .  This  situation  is  to  be  contrasted 
with  the  application  of  the  Wigner-Kirkwood  expansion  to  ordinary  non-ideal  gases 
with  short-range  inter-molecular  forces  (for  example,  a  Leonard -J ores  interaction) 
where  the  expansion  parameter  becomes  small  at  high  temperatures.  The  Wigner- 
Kirkwood  expansion  for  various  force  laws  has  been  discussed  by  DeWitt  (Ref.  81): 
the  result  for  the  electron-gas  free  energy  at  low  temperature.'  is  $(  F  -  FQ  )/N 

"  f  "  12  A  +  constant)  . . .  +  A2f(q2)  where  Hij2 )  =  -  ^  *  jj|  +  -  - «  and 

F  _  is  the  ideal-ms  free  enenrv.  $ Recall  that  ~  fcs  the  Debve-HUekel  term.  I  For 

U  »  ~  »  3 

this  result  to  be  valid,  the  fradamental  length  parameters  rmrst  be  ordered  as  follows 
X  <  L  <  D  and  the  dimensionless  parameters  as  y<A  <r  »j  <  1  (kT  «-  1  rydberg). 
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One  might  ask  whether  this  limit  makes  any  sense,  since  for  real  electrons  the  effect 
of  Fermi  statistics  as  well  as  diffraction  must  be  considered  at  low  temperatures.  The 
answer  is  that  the  effects  of  statistics  are  important,  but  it  is  more  convenient  to  treat 
them  separately  by  a  different  method;  for  the  purposes  of  the  present  discussion  we 
shall  exclude  them  (somewhat  artificially)  by  the  device  of  giving  the  electrons  a  large 
spin  s.  The  gas  remains  nondegenerate,  and  has  a  nearly  Maxwellian  velocity  dis- 
tributioii,  as  long  as  £  =  «  1 .  The  gas  is  partially  degenerate  when  £  ~  1 , 

and  very  degenerate  when  £  »  1 . 

o 

The  function  f(  tj  )  represents  the  sum  of  the  entire  Wigner-Kirkwood  series,  of 
which  only  the  first  three  terms  have  been  calculated.  Although  it  would  be  very  dif¬ 
ficult  to  calculate  any  further  terms  in  this  series,  it  is  possible  to  obtain  the  asymp- 
2 

totic  value  of  f(  tj  )  for  large  tj  ,  which  is  what  we  need  for  the  high-temperature  case 
(Ref.  82): 

2  ir1/2  1 

f<”  >  -jm"  -  ij10*”- 


The  high-temperature  free  energy  is  then 


0<F  -  F0)/N  =  -|(l  -  ^  (log  y+  constant)  +... 


for  L  <  X«D,  i.  e. ,  A  <  y  <  1  and  tj  >  1.  It  should  be  noted  that  the  "constant” 
in  this  equation  has  not  yet  been  calculated. 


The  exchange  corrections  in  the  high-temperature  limit  have  the  form 

2 

yA  +  (constant)A  + . . . 

The  constant  in  this  equation  is  different  from  the  previous  one  but  is  likewise  not  yet 
known. 


1 

2s  +  1 


2y  - 


*1/2  1c 
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We  may  now  write  the  result  for  the  free  energy  of  the  multicomponent  plasma  at  high 

temperatures,  using  the  above-mentioned  results.  In  a  two-component  plasma  there 

is  an  additional  parameter,  the  electron- ion  mass  ratio  m  /m..  There  will  now  be 

th^ee  de  Broglie  wavelengths,  corresponding  to  electron-electron,  electron-ion,  and 

ion-ion  interactions.  In  real  plasma  the  ion  mass  is  at  least  1836  times  the  electron 

mass,  and  this  fact  has  an  important  effect  on  the  logarithmic  term  in  the  free 

energy.  In  the  temperature  region  defined  by  1  rydberg  <  kT  <  (m./m  )  rydbergs, 

the  lengths  of  the  two  component  system  are  arranged  in  the  order  <  L  <  *ee 

»  X  ,  «  D,  where 
ei 


*ei  =  V(2pkT),  p 


m  m. 
e  i 

{ m  +  m, ) 
'  e  i  ’ 


The  result  for  the  free  energy  is  then 


0(F  -  Fq)/N  =  -  \  -  A 


12 


fMog^-^y.iogii. 


■ft  log 


D 


where  fg  =  Pe/p,  fj  =  Pj/p,  P  =  Pe  +  P{>  z[  ~  ionic  charge.  Diffraction  and 
exchange  corrections  have  not  been  included  here  because  we  are  looking  mainly  at 
the  logarithmic  terms.  Note  that  if  the  temperature  is  kT  >  ( m./m  )  rydbergs  , 

1  V 

the  ion-ion  interaction  terms  would  become  log  ( A^/D ) .  Also,  if  the  electrons  and 
ions  have  equal  and  opposite  charge  and  the  same  mass,  the  logarithms  in  this  expres¬ 
sion  would  all  be  equal,  and  the  bracket  term  would  be  zero.  This  hypothesis  is,  of 
course,  untrue  (except  for  ionized  positronium!)  and  for  real  ionized  gases  the  above 
results  depend  strongly  on  the  electron  and  ion  masses. 


It  should  be  noted  that  the  above  result  can  be  obtained  by  relatively  simple  calculations 
because  the  temperature  has  been  assumed  to  be  so  high  that  the  gas  is  fully  ionized; 
furthermore,  third-order  perturbation  theory  is  sufficiently  accurate  because  the  ther¬ 
mal  wavelength  is  greater  than  the  distance  of  closest  approach.  When  these  condi¬ 
tions  are  not  fulfilled,  the  problem  is  vastly  more  difficult  since  the  electron-ion 
interaction  includes  the  possibility  of  bound  states.  For  a  hydrogen  plasma,  the  above 
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result  is  probably  useful  for  temperatures  above  about  13  eV,  and  may  give  a  good 
estimate  for  the  free  energy  for  a  system  of  known  composition  for  temperatures  down 
to  about  7  eV. 

RESULTS 

The  particle  densities  used  in  the  present  calculation  -  as  calculated  by  the  ion- 
sphere  model  -  are  included  in  Tables  ID-1  and  in-2. 


Table  III-l 

FREE-ELECTRON  CONCENTRATION,  p 

e 


kT 

Air: 

-3 

p  (electrons  cm  ) 

6 

J  =  1 

J  =  2 

j  -  3 

C-t 

11 

*»> 

J  =  5 

J  =  6 

1 

1.  05 17 

3.2716 

9. 67 15 

2.4715 

4. 44 14 

5.  25  78 

2 

5.7519 

2.  74 18 

3.2817 

4. 23 16 

5.441S 

14 

7.241* 

5 

3. 3220 

1. 12 19 

1.3318 

1.6717 

2. 17 16 

2.  87 18 

10 

1.  0221 

3.  22 19 

3.7818 

4.7217 

6.  II16 

8.  08 15 

15 

1.  8821 

5. 82 19 

6.8218 

8.5517 

1.  II17 

1. 48 16 

20 

2.7921 

8.7019 

1. 03 19 

1.3018 

1.7017 

2.  27 16 
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Table  IE-2 


PARTICLE  CONCENTRATIONS,  Ny 


Nitrogen:  Nv 

(nuclei  cm  3) 

kT 

J  =  1 

J  =  2 

J  =  3 

J  =  4 

my 

IB 

1 

5.2518 

5. 36 17 

5.3716 

5.3815 

5.3814 

5. 38 13 

2 

2. 3420 

3. 16 18 

3.3217 

3.8516 

3.9015 

3. 97 14 

5 

2.5620 

5.5018 

5.2417 

5.6416 

6.4915 

7.5014 

10 

4.1120 

8.8118 

8.7117 

9.7916 

1.2316 

1.6215 

15 

5. 53 20 

1.2719 

1.3918 

1.7217 

2.2316 

2.9615 

20 

7.0720 

1.7919 

2. 08 18 

2.6217 

3.4216 

4.5515 

-3 

Oxygen:  Ny  (nuclei  cm  ) 

kT 

J  =  1 

J  =  2 

J  =  3 

J  =  4 

J  =  5 

m 

1 

5. 38 18 

5.3917 

5. 37 16 

5.3815 

5.3814 

5.3813 

2 

3.3220 

3.7718 

3.8517 

4.6816 

5.5815 

5.5914 

5 

3.0220 

6.5718 

6.4517 

6.7616 

7. 97 18 

9.2514 

10 

4.7620 

1.0419 

1.0318 

1.1217 

1.2916 

1.5815 

15 

6.4020 

1.4219 

1.4418 

1.6817 

2. 1416 

2.8315 

20 

8.0120 

1.8619 

2.  04 18 

2.5217 

3. 27 16 

4.3415 
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Section  IV 
LINE  TRANSITIONS 


The  absorption  coefficient  p(  e )  contains  contributions  from  all  transitions,  discrete 
and  continuous,  which  can  absorb  a  photon  of  frequency  €  .  For  a  line  transition 
from  an  atomic  state  i  to  a  state  j  the  contribution  to  the  absorption  coefficient  is 
expressible  in  terms  of  the  oscillator  strength  (f-number)  fy  as 


*WC)  =  ^  Njfyiartkb^c))  =  1.0975  x  lO’^Njfgb  («; 


(4.1) 


where  Nj  is  the  population  of  the  initial  (lower)  state  (in  number  of  atoms  cm"  )  and 
by  ( e )  represents  the  shape  of  the  line  ( i—  j ) ,  normalized  according  to 


f b  (€)d€  =  1,  (e  ineV) 


(4.2) 


The  f-number  is  a  convenient  way  of  expressing  the  matrix  element  in  a  quantum  mechani¬ 
cal  calculation  of  the  radiative  transition  probability  in  the  electric-dipole  approximation. 
The  definition  of  the  f-number  for  a  transition  from  an  atomic  state  i  with  energy  Ej 
to  a  state  j ,  energy  E^ ,  applicable  in  L-S  coupling,  is 


,  87r2m  /*_ 

f..  =  - ST-  hy. 


«/  G| 


(4. 3) 
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The  statistical  weight  of  the  lower  state,  G. ,  is  ( 2S  +  1 )  ( 2L  +  1 )  for  a  state 
of  total  spin  S  and  total  orbital  angular  momentum  L .  In  our  units 


S.. 


ffi  =  |(E, 


1] 


(E.  -  E.  in  Ry) 


The  "line  strength" 


is  given  by  (Ref.  83) 


(4.4) 


Sy  =  (4.5) 

The  factors  <£(L)  and  M )  are  usually  called  relative  line  strengths  and  relative 
multiplet  strengths.  They  arise  from  the  angular  integration  of  the  matrix  element 
subject  to  a  specific  coupling  of  the  angular  momenta.  In  the  present  calculation 
J-splitting  is  consistently  ignored  so  the  strengths  are  summed  over  all  the  lines  in 
a  multiplet  (J  is  the  total  angular  momentum,  orbital  plus  spin).  Since 


^S(h)  =  i 

jj' 

(Ref.  83,  p.  443),  we  require  only  the  factors  <£(M ) .  These  can  be  computed  from  the 
theory  of  Ref.  83  and  many  are  tabulated  (Ref.  84).  The  expressions  used  for  «§(M )  - 
considering  our  summation-over-state  conventions  -  are  described  in  the  first 
subsection  below  and  Table  IV- 1. 

The  factor  is  the  dipole  integral  (in  atomic  units) 


( T .. 

1J 


1 

V<«2-1) 


00 

/  P.(r)rP  (r  )dr 
o  ^ 


(4.6) 
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£  is  the  greater  of  the  two  orbital  angular  momentum  values  of  the  active  electron 
in  states  i  and  j .  The  integration  over  the  coordinates  of  the  passive  electrons  has 
been  ignored  as  this  is  generally  close  to  unity.  The  dipole  integrals  employed  are 
Hartree-Fock- Slater  (HFS)  values  vAef.  85)  for  transitions  between  two  states  each 
with  principal  quantum  number  less  than  nine.  Hydrogenic  values  are  used  for 
transitions  between  states  of  higher  excitation. 

A  detailed  discussion  of  the  f-number  evaluation  is  in  the  first  subsection;  the  treat¬ 
ment  of  line  broadening  is  described  in  the  second  subsection.  A  brief  summary  of 
the  computer  program  utilized  in  the  evaluation  of  the  line-transition  contribution  to 
the  absorption  coefficient  concludes  Sec.  IV. 

f-NUMBER  EVALUATION 

The  detailed  expressions  used  in  the  evaluation  of  f-numbers  -  the  angular  factors 
«§(M),  the  statistical  weights  ,  and  the  approximations  to  the  radial  integrals  - 
depend  on  the  conventions  noted  in  Sec.  II  regarding  summation  of  the  occupation 
numbers  over  nearly -degenerate  states.  Thus,  each  type  of  transition  is  best  treated 
separately. 

Consider  an  initial  state  (tyn£SL)  and  a  final  state  (iVn’I’S'L* )  arranged  so  that 
n’  >  n.  (This  notation  was  defined  at  the  end  of  Sec.  II).  The  total  spin  of  the  initial 
(final)  core  is  S12(S'12)  and  the  total  orbital  angular  momentum  of  the  core  is  L12  (L'12). 
In  the  one-electron  electric-dipole  approximation  made  here,  selection  rules  restrict 
the  possible  transitions  to  final  states  satisfying  the  following  conditions: 

•  i*  =  i,  since  no  change  of  species  or  degree  of  ionization  is  allowed 

•  S’  =  S,  for  electric  multipole  transitions 

•  L'  =  L  -  1,  L,  L  +  1  only,  for  dipole  transitions 

•  The  orbital  angular  momentum  of  the  electron  making  the  transition 
must  change  by  one  unit 
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For  all  allowed  transitions  considered,  the  expressions  for  the  angular  factors  $  (Ml, 
the  statistical  weights  G,  and  the  radial  integrals  may  be  found  among  the  following 
cases.  The  values  of  and  g^  are  listed  in  Table  IV- 1. 


Table  IV- 1 

ANGULAR  FACTORS 


Statistical  weights 

gx  =  (2L+  1)  (2S  +  1) 
g2  =  (2S+1)(2L12  +  1)(2£  +  1) 
g3  =  2(2I  +  1)(2S12  +  1)(2L12  +  1) 
g4  =  2(n8-16)(2S12  +  l)(2L12  +  l) 
g5  =  2n2(2S12+x)(2L12+l) 

Angular  parameter 

n  (n*  )-number  of  2s-electrons  in  initial  (final)  state 
s  s 

np(np)- number  of  2p-electrons  in  initial  (final)  state 
Sf  (S^)- total  spin  of  2s-electrons  in  initial  (final)  state 
S2  (S^)~ total  spin  of  2p-electrons  in  initial  (final)  state 

L1  ^  orbital  angular  momentum  of  2s -electrons  in  initial  (final)  state 

L2  ( L2)-total  orbital  angular  momentum  of  2p-electrons  in  initial  (final)  state 

F(q,  S,  L;  S’,  L’)  =  |  (p^L  { |  pq_1(S'L')pSL)  | 2  is  the  square  of  the  fractional 
parentage  coefficient  (Ref.  86). 

U(  -  •  •  )  is  the  U-coefficient  of  Jahn  as  defined  in  Ref.  87. 

Z1  -  ns(np  +  1  > F ("p ■  S2 .  L2  i S'  ,  L- )  ( 2L;2  +  1 ) ( 2S12  +  1 )  U2(|,  S' .  S2 ,  S  ; Sj 

Z„  =  n  ( 2  L  +  1 )  ( 2S  +  1 )  U2(i  S[  ,  S ,  Sn  ;  S,  ,  S\  n) 

Ct  S  \£t  i.  £i  X  lt*l 


'i) 
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Table  IV- 1  (cont’d) 
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Table  IV- 1  (cont’d) 


,1 


Z15  =  30(2L2+  l)(2S+  1) 

Z16  =  105(2L2  +  1)(2S+  1) 

Z17  =  2ns(np+1)(2Li  +  1)<2S12  +  l)n2F(n‘,S2f  L'). 

u2(l'Si'S2-S12;Sl*S2) 

Z18  =  2"s<"p+l)<2L2  +  1><2S12+1>F<”p'  S2-  L2’  S2'  L2>' 

u2(|-Sl’S2'S12;Sl-S2)<2t+1> 

ZJ9  =  |(n2  -  ie»/n2]Zn 

Z20  =  2‘(-a2-l)(2L12  +  l)(2S12  +  l) 

Z2,  -  2«'(4t'2-l)(2L12+l)(2S12  +  l) 

Z22  ‘  "p< 2L  +  1)(2S+  1)U2(|,  S- ,  S,  Sj  ;»y  S^) 


n  =  2.  Initial  state  split  into  L-S  components.  Final  states  with  n*  >  9  are  rejected 

2 

as  such  lines  are  quite  weak.  HFS  values  of  o  are  used. 


n’  =  2  (2s— 2p) 

n'  =  2  (2s— 3p) 

( 2p— 3s ) 

( 2p— 3d )  L’  *  9 
LT  =  9 

n'  =  4-9  (2s— n’p) 

( 2p— n’s ) 

( 2p— n’d ) 


S(M)  =  Zl 


G  =  gl 
gl 
gl 
=  gl 
=  gl 
gl 

=  «1 
=  gl 
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n  «  3.  Initial  state  split  into  L-S  components  unless  L  =  9,  in  which  case  the 


occupation  numbers  are  summed  over 

L  for  the  given  S .  Final  states  with 

n'  2*  9  are  rejected.  HFS  values  of 

a  are  used. 

If  L  *  9, 

°-«r 

if 

L  =  9,  G  «  g.,. 

tat 

n*  =  3  y  *  Y  (2s— 2p) 

L  *  9, 

L*  * 

9  £(M) 

■ZU 

G  =  gi 

L  *  9, 

L'  « 

9 

=  Z12 

=  gi 

L  *  9, 

L'  * 

9 

Z13 

=  g2 

L  -  9, 

L'  = 

9 

=  Z14 

=  g2 

y  -  y  (3s— 3 p) 

=  Z7 

=  gl 

°r  g2 

( 3d— 3  p ) 

L  s  9 

*  10  z7 

~  g2 

L  *  9 

=  Z8 

=  gl 

(3p— 3s) 

*Z9 

=  gl 

or  «2 

(3p— 3d) 

V  *9 

=  ioz9 

=  gl 

or  g2 

L'  *9 

=  Z10 

*  *1 

or  *2 

n*  =  4-9  (3s— n’p) 

*  3  Z9 

=  gl 

or  &2 

(3p— n's) 

-Z» 

=  gl 

or  g2 

(3p— n'd) 

’  10  Z9 

=  gl 

or  k2 

(3d— n'p) 

L  *  9 

Z15 

g2 

L  *  9 

”  6  z9 

=  gl 

(3d— n’f) 

L  =  9 

Z16 

g2 

L  *  9 

-  21  Z9 

=  gl 

n  *  4-8.  Occupation  numbers  of  initial  states  summed  over  all  L-S  components. 
Final  states  with  n*  >16  are  rejected. 


58 


y  *  y'  require  n  =  n' ,  £  =  £'(2s  -  2p) 

£  <  4:  «§(M)  =  Zjg,  G  =  gg ,  HFS  a2  with  outer  (n,£)  electron 
£  =  4:  «$(M)  =  Zig,  G  =  g4  ,  HFS  a2  with  outer  (n,£  =  3)  electron 
y  -  y'  n’  <9:  £  *  4,  £'  =  £  -  1:  <§(M)  =  Z^,  G  =  g3 ,  HFS  a2 

V  =  £  +  1:  S(  M)  =  Z21,  G  =  g3 

£  <  3:  HFS  a2 
£  =  3  :  hydrogenic  f-number 
£  =  £’  -  4 :  Sum  of  hydrogenic  f-numbers  over 
£’  =  £  ±  1  averaged  over  £  =  4 
to  ( n  -  1 )  according  to 

— S—  1  (21  +  1)  j^*-1  +  C+1] 
(1  -  16)  t=4 

n'  =9-16,  £  *  4:  Sum  of  hydrogenic  f-numbers  over 

£'  =  £  ±1 

£  =  £’  =  4:  Same  average  as  for  n'  <  9 


n  =  9-16.  Occupation  numbers  of  initial  states  summed  over  all  L-S  components 
and  over  all  angular  momentum  states  £  .  Final  states  with  n’  >  16  are  rejected. 


y  *  y'  require  n  =  n',£  =  £’ (2s  -  2p) 

£(M)  =  Z^,  G  =  gg,  HFS  a2  with  outer  (8f)  electron 
y  =  y'  shell-averaged  f-numbers  from  Ref.  88.  Initial  states  n  >  16  not 
considered.  The  hydrogenic  f-numbers  are  from  the  tables  in 
Ref.  89. 
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LINE  BROADENING 


A  comprehensive  review  of  the  theory  of  line  broadening  in  a  plasma  has  recently  been 
published  (Ref.  90).  Stewart  and  Pyatt  (Ref.  8)  discuss  approximations  to  this  theory 
relevant  to  high-temperature  opacity  studies,  and  the  present  calculation  follows  their 
treatment  quite  closely. 

As  a  result  of  the  interaction  of  the  radiating  atom  with  the  plasma  each  line  is  assumed 
to  acquire  a  Lorentz  shape 


(€) 


w 


i Jjl 


(E  -Ej  +  Ei)2  +  Wj2 


(4.7) 


with  a  width  w.  proportional  to  the  electron  density  p  .  Following  Stewart  and  Pyatt 
(Ref.  8)  only  the  upper  state  j  fa  assumed  to  be  perturbed,  and  asymmetric  corrections 
to  Eq.  (4. 7)  due  to  overlapping  lines  and  effects  due  to  ion  perturbers  have  been  ignored. 
With  these  approximations  an  expression  for  the  width  is  given  by  Bar  anger  [Ref.  90, 

Eq.  (113)] 


wj  *  /f(v)dvfpev(^j  ]> 

©  k 


Max(f„  fk) 


(2^  +  1) 


[jVvr] 


7§g()’k) 


(4.8) 


in  terms  of  an  average  over  a  Maxwellian  distribution  f(v)  in  electron  velocity  v  of 

o 

the  same  radial  matrix  elements  as  determine  the  line  strengths  [Eq.  (4. 6)]  multiplied 
by  a  bremsstrahlung  Gaunt  factor  g(j ,  k)  >  1 .  The  Gaunt  factor  is  usually  close  to 


unity,  so,  following  Stewart  and  Pyatt,  we  set  g(j ,  k) 
2 

or.  ,  by  a  sum  rule  (Refs.  91  and  92). 

Ji  * 


1  and  evaluate  the  sum  over 


v  ““(']•  vr  ,..j2 

L  TayTT 


Ml 

‘J 


1  L..2 

2  \ZRES/  l  J 


4.  1  _ 


« 

3 tit  +  1  \ 

“'j 


id  Q\ 

\  - 1 
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ZRES 

and  v. 
J 


is  the  charge  of  the  passive  ion  (one  greater  than  the  initial  charge  of  the  system) 
is  the  effective  quantum  number  (Ref.  92)  of  the  state  j 


-M  =  l/[E  (j)  -  E  l  (Ry) 

RES  /  J 


(4.  10) 


where  E.(j )  is  the  ionization  energy  of  the  active  electron  in  the  passive  ion.  The 
1  1/2 

Maxwell  average  of  1/v  is  (2m/7rkT)  .  The  result  used  for  the  width  is 


w.  =  (0.637  x  10 
J 


-22 


+  i  -  atjdj  +  DUeV) 


(4.11) 


By  averaging  this  expression  over  £ .  and  replacing  the  effective  quantum  number  v .  by 

J  J 

the  principal  quantum  number  n^  the  result  obtained  corresponds  to  Eq.  (31)  cf  Ref.  8. 


i 

1 

j 


The  mechanism  of  line  broadening  in  this  approximation  is  inelastic  scattering  of  a 
free  electron  by  the  radiating  atom  -  a  real,  energy-conserving  transition.  Thus,  the 
summation  overstates  k  in  Eq.  (4. 8)  must  be  restricted  to  states  energetically  acces¬ 
sible  to  the  radiating  atom  in  collisions  with  electrons  of  velocity  v  ,  before  averaging 
over  velocity.  The  use  of  the  sum  rule  ignores  this  restriction  and  so  overestimates 
the  width.  Setting  the  Gaunt  factor  to  unity  underestimates  the  width,  so  the  two 
approximations  taken  together  should  be  better  than  either  alone. 

Since  the  width  increases  as  the  fourth  power  of  the  principal  quantum  number  the 
assumption  of  broadening  in  the  upper  state  only  should  be  valid  except  for  same -shell 
transitions.  However,  following  Stewart  and  Pyatt,  the  present  calculation  has  used 
Eq.  (4. 11)  for  all  transitions  except  those  2s -2p  transitions  for  which  <  1  .  Here 
the  s-state  broadening  is  assumed  to  dominate  so  =  0  in  Eq.  (4. 11). 


61 


At  the  high  temperatures  considered,  Doppler  broadening  may  become  a  significant 
line -broadening  mechanism  —  particulary  near  line  centers.  To  include  this  effect 
properly  in  the  line  shape,  the  Lorentz  profile  b^(  € ) ,  Eq.  (4. 7),  is  folded  with  a 
Doppler  function  (Ref.  90)  and  the  resulting  distribution  is 


(O 


00 


')  exp 


*00 


,  6 


(4. 12) 


for  radiating  atoms  of  mass  M  and  lines  centered  at  €  .  This  result  may  be  expressed 

V 

in  terms  of  the  probability  integral  for  complex  argument  and  is  tabulated  in  Ref.  93  where 
useful  series  expansions  are  also  given.  For  w  >  56  or  ( e  -  ec )  >  56  ,  b^(  c ) 
approaches  very  closely  a  Lorentz  function. 

For  highly-excited  states  the  line  width  of  Eq.  (4. 1)  will  approach  the  energy  interval 
between  adjacent  states  of  the  isolated  system.  Such  states  appear  as  a  quasi-continuum 
and  are  said  to  be  merged.  A  treatment  of  this  problem  according  to  the  electron-impact 
theory  of  Baranger  has  recently  been  published  (Ref.  94)  and  the  result  is 


/Z 


4 

RES 


0.4107 


10 


23 


,  -3. 

Pe(  cm  ) 


(4. 13) 


n  is  the  critical  quantum  number  in  the  sense  that  electron  states  with  principal 
m 

quantum  number  greater  than  nm  are  merged  into  the  continuum.  This  result  has  been 
used  in  the  present  calculation,  transitions  from  states  below  nm  to  states  above  are 
included  in  the  photoionization  calculation,  and  the  photoionization  edge  is  lowered  accord¬ 
ingly.  Thus  n  serves  as  a  cutoff  for  high  n-values.  For  transitions  between  two 
m 

states  both  lying  above  n  ,  the  contribution  should  be  included  among  the  free-free 

m 

transitions.  However,  this  was  not  done  in  the  present  calculation.  This  contribution 
was  neglected  as  unwarranted  in  view  of  the  low  accuracy  (hydrogenic  approximation) 
of  the  free-free  cross  sections  employed.  In  order  to  include  it,  the  free-free  electron 
concentration  should  be  increased  by  the  concentration  of  electrons  in  the  bound  states 
having  n  >  nm  . 
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The  values  of  n  calculated  by  Eq.  (4. 13)  for  the  temperatures  and  densities  of  the 
m 

present  work  are  listed  in  Table  IV-2.*  Equation  (4. 13)  is  derived  assuming  »  1 . 

so  the  small  nm  values  in  Table  IV-2  are  suspect.  Further,  so  large  an  extrapolation 

of  our  approximation  to  the  photoionization  cross  section  below  its  vacuum  edge  is 

certainly  less  reliable  than  the  HFS  f -number  calculations  even  though  the  resulting 

lines  are  broadened  into  a  quasi-continuum.  Therefore,  the  present  calculation 

evaluates  n  for  Eq.  (4. 13)  and  chooses  as  the  critical  quantum  number  the  larger 
m 

of  the  so-calculated  and  7 . 

m 


Table  IV-2 

LINE  MERGING  LIMITS  EVALUATED  FROM  EQ.  (4. 13) 


kT 

(eV) 

ESRff 

Limit 

iB 

ESI 

OB 

IHl 

OB 

J  *  6 

1 

6.3 

7.4 

8.8 

10.7 

18.6 

2 

3.7 

5.8 

7.8 

10.5 

18.7 

5 

3.1 

5.0 

6.8 

9.2 

16.4 

10 

2.8 

4.8 

6.2 

8.3 

14.9 

15 

2.6 

4.3 

5.9 

7.9 

10.5 

14.0 

20 

1.8 

3.0 

4.0 

5.4 

7.3 

10.0 

(a)  J  is  defined  in  the  table  of  densities  at  the  conclusion 
of  Sec.  in. 
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COMPUTER  CODE  MULTIPLET 


To  provide  a  table  of  die  frequencies,  strengths,  and  widths  of  all  the  radiative  bound- 
bound  atomic  transitions  relevant  to  a  given  temperature  and  density  of  oxygen  or 
nitrogen,  and  to  provide  a  frequency -dependent  absorption  coefficient  due  to  such 
transitions  over  an  arbitrary  energy  grid  a  computer  program,  MULTIPLET,  has 
been  devised.  The  program  is  coded  in  the  FORTRAN  II  (Version  VO)  language  and 
has  been  operated  on  an  IBM-7094  computing  system. 

’  In  computing  hese  values  of  nm  .  ZRes  *n  Eq.  (4. 13)  was  inadvertently  set  equal  to  1. 
Hence.  ’.iese  entries  are  actually  nm/Z|£js  rather  than  nm.  The  effect  of  this 
error  on  the  final  results  should  be  small  since  the  lower  limit  of  nm  -  7  was  used 
rather  than  nm  itself  when  nm  <  7  . 
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The  initial  data  upon  which  the  calculation  operates  are  cards  which  specify  the  state 
of  the  gas  at  a  given  temperature  and  six  values  of  the  density.  For  each  atomic  state 
as  described  in  Sec.  II,  there  is  one  card  containing  the  identification  (iynlSL) ,  the 
energy  of  the  state  (in  eV  relative  to  the  ground  state  of  the  neutral  atom  of  the  species), 
and  six  occupation  numbers  Oj  ( J  *  1  -  6 )  provided  by  the  statistical  mechanical  calcu¬ 
lation  described  inSec.  m.  The  occupation  numbers  are  normalized  such  that  the  sum 
of  otj  over  all  the  cards  in  a  set  is  unity  for  a  given  temperature,  species,  and  for 
each  density  J. 

Bound-bound  transitions  can  take  place  only  between  atomic  states  represented  by  such 
cards.  Thus,  the  number  of  states,  both  initial  and  final,  to  be  considered  for  the  gas 
at  the  given  temperature  and  densities  is  determined  by  the  number  of  cards  in  the  data 
deck.  The  data  decks  used  in  the  present  calculation  contain  all  states  with  occupation 

_g 

numbers  c*j  £  10  .  hi  addition  some  cards  with  zero  occupation  have  been  included 
to  serve  as  possible  final  states,  although  the  completeness  of  such  states  is  not  certain. 
However,  an  attempt  has  been  made  to  include  all  such  relevant  states. 

The  program,  MULTIPLET,  is  conveniently  broken  down  into  three  phases:  in  the  first, 

all  the  cards  of  the  data  deck  are  read  ami  listed,  all  pairs  of  states  are  compered  by 

application  of  the  appropriate  selection  rules,  and  for  each  allowed  transition  the  line 

frequency  and  the  angular  factor  (Table  4-1)  are  evaluated.  In  this  procedure  only  those 

initial  states  are  considered  one  of  whose  occupation  numbers  is  greater  than  an  arbitrary 

-3 

cutoff  aQ  -  set  equal  to  10  in  the  present  calculation.  The  resulting  transitions  are 
arranged  in  order  of  increasing  line  frequency,  and  the  frequency,  angular  factor,  and 
initial  and  final  state  data  are  written  onto  magnetic  tape. 

The  second  phase  reads  the  transition  data  of  Phase  1  from  tape,  one  transition  at  a 
time,  evaluates  the  f-number  and  collision  and  Doppler  widths  as  described  above,  and 
writes  this  information  on  another  tape  -  the  line  atlas.  The  line  atlas  contains  data 
I  completely  describing  each  transition:  the  line  frequency,  f-number,  radial  integral 

O 

ex  of  Eq.  (4. 6),  the  collision  and  Doppler  widths,  the  energy  and  identification  of  both 
the  initial  and  final  atomic  states,  and  the  occupation  numbers  of  the  initial  states. 

g 

* 
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The  line  atlas  is  listed  by  the  program  and  serves  as  the  source  datum  for  any  desired 
frequency  averages  of  the  absorption  coefficient. 

The  final  phase  of  MULTIPLET  is  concerned  with  generating  from  the  data  in  the  line 
atlas  a  frequency -dependent  absorption  coefficient  m(  e )  over  an  arbitrary  set  of 
energies  c^: 


#i(€)  “  cm*1  (4.14) 

i<  J 

where  My(c )  is  defined  in  Eq.  (4. 1).  For  each  desired  set  of  equally-spaced  energies 
the  program  is  provided  with  a  data  card  containing  (N^ ,  A u),  where  N^ 

(=£  2000)  is  the  number  of  energies  at  which  the  absorption  coefficient  is  to  be  tabulated 
and  €N  =  +  (N-l)Aw,  (N  =  1— ■  N^ ) ,  specifies  the  energy  set. 


'  **4 

The  occurrence  of  very  small  line  widths  (~  10  eV)  at  law  densities  makes  if 

impractical  to  choose  Aw  sufficiently  small  to  adequately  represent  such  narrow 

lines.  Thus,  for  calculational  purposes,  lines  are  classed  as  broad  lines  (width 

w  2  I  Aw|  and  narrow  lines  (w  <  ~  Aw  j .  The  line  centers  of  broad  lines  are 

shifted  to  the  nearest  energy  cN  and  the  line  shape  is  included  in  the  table  of  the 

absorption  coefficient.  Narrow  lines  must  be  treated  separately  depending  on  the 

type  of  frequency  average  desired.  Two  such  averages  are  described  in  Sec.  VI  - 

the  Planck  mean  and  the  Rosseland  mean  opacity. 


A  complete  FORTRAN  listing  of  MULTIPLET  is  included  in  Appendix  B . 


i 
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Section  V 

PHOTOIONIZATION  TRANSITIONS 


The  contribution  to  the  absorption  coefficient  of  photoionization  transitions  from  an 

atomic  state  i  is  conveniently  expressed  in  terms  of  the  total  photoionization  cross 
o 

section  <jj(  c )  (cm  )  as 

Me)  »  XVl(<)  c,:'’1  (S-V 

1 

-3 

where  N^  is  the  population  of  the  state  i  (in  number  of  atoms  cm  ). 

Each  atomic  state  will,  in  general,  give  rise  to  several  different  photoionization 

transitions,  corresponding  to  different  states  of  the  residual  atom,  and  for  each 

T 

there  is  a  separate  cross  section  o^(  c )  and  energy  threshold  .  Thus 

) 

T 

summed  over  all  states  j  for  which  s  c  . 

As  described  in  Sec.  II  the  general  initial  state  ( iyniSL)  treated  in  the  present 
calculation  may  be  written 


2*n,2pnp/Sl2L12^nl(SL) 


with  the  K-shell  Is  understood  and  the  configuration 
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specified  by  the  core  index  y  (Table  II- 1).  A  general  photoionization  transition  from 
such  an  initial  state  may  be  written 

2sn®  2pRp  ^12L  12  j  nl(SL)-2sns  2pnp^S<5Lcj  n'l '(S  L")cf  "(S  L’)  (5.2) 

where  the  final  state  consists  of  a  free  electron  with  energy  c  and  orbital  angular 
momentum  I"  and  a  residual  atom 

2.%np/ScLc)»,lf ’L")  . 

In  the  one-electron,  electric-dipole  approximation  considered  here  the  possible  final 
states  are  limited  by  selection  rules: 

(a)  S'  =  S ,  for  electric  multipole  transitions  in  IL  coupling 

(b)  L'  =  L-l,L,L+i  only,  for  dipole  transitions. 

(c)  I"  =  tQ  ±  1  =t  0  ,  where  I  is  the  initial  orbital  angular  momentum  of 
the  electron  being  ejected. 

For  the  photoionization  from  a  multiply-occupied  initial  state,  a  parentage  expansion 

(Ref.  95)  will  give  rise  in  general  to  several  possible  states  of  the  residual  atom  - 

T 

each  with  a  different  energy  threshold  e  and  coefficient  of  fractional  parentage  Fp . 
An  enumeration  of  the  possibilities  follows: 

(a)  Ejection  of  an  outer  ( n ,  I )  electron 

2»“*  2p"p|Sl2L12\  «|(Sl)  -2e"8  2p"p^Sl2L12j  fl'(SL') 

Here  n;  -  n,  ,  n-  =  np  ,  Sc  =  S"  =  •„  .  =  L"  =  L,2  , 

l'=l*U0. 


67 


(b)  Ejection  of  a  2p  outer  electron:  Decomposing  the  initial  state  into  parents; 


»'*'('■) -5 


n  n  -1 
FI2S  8  2p  P 


every 


pair  of  values  ^  pLp  j 


for  which 


is  nonvanishing  constitutes  a  possible  final  state  of  the  residual  atom  with 

n*  =  n  ,  n*  -  n  -1,  S  =  S  ,  L  =  L  and  i 1  =  0  or  2  . 
s  s  p  p  *  c  p  c  p  • 

(c)  Ejection  of  a  2s  outer  electron:  Decomposing  the  initial  state  into  parents, 


the  only  possible  states  are 

ng  -  2:8-0,  L  -  0  i  Sp  -  \ ,  Lp-L-0, 

or 

ng  =  1  :  S  =  | ,  L  =  0;Sp  =  0,  Lp  =  L  =  0  , 
in  both  of  which 


f 
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(d)  Ejection  of  a  2p  inner  electron.  Decoupling  one  2p  electron  from  the  rest 


('%)  -M  •  l”Jf-  »v‘  (\)  *  ('“■■„)  «(*■•>] 

■  |(»'Vu  1(![,Lp)P|JL.=  )| 


the  outer  ( n ,  £  )  electron  must  be  coupled 
initial  state  may  be  written 


”  N  • 


so  the  recoupled 


^  Fp(  S”Ln )  2s  8  2p  p  /  pLp\  nl(S"LM)j2p(SL) 
pff’L"  '  ' 

where  Fp  =  FOJ2(fLLl  ;  L"L12)u2(|sps|;  S"S12)  and  the  U-functions 

are  the  Jahn  coefficients  of  Ref.  87.  Experimentally  the  energies  of  states 

with  different  values  of  (  S"l"  )  usually  vary  much  less  than  do  the  energies 

of  states  with  different  (  ^PL  )  .  Therefore  the  (  L")- splitting  of  the 

\  P  /  /SM  \ 

photoionization  edges  is  ignored  and  the  sum  over  \  L"  /  iu  carried  out 
directly,  leaditig  to  final  states  2s”B  2p"p  (  PLp)nl  with  probability  F^. 

80  n;  =  "a  •  fV1’  Sc=V  LC  =  LP’ 

(e)  Ejection  of  a  2s  inner  electron.  Decomposing  the  initial  state  as  in  Case  (d) 

2bB  2pnP  (SJ  «(h)  -  2  Fp,S..,LVl  2^  (\2)  <'L)U(Sl) 

'  '  pS"  1  ' 

/2S  +  1\ 

VSH)  =  F/(lSpSi;  S*,S12 )  *  F;  = 


:Z<£ 


r- 


$ 

'* 

jr 

I 

t 

i 


As  in  Case  (d),  the  sum  over  SM  is  carried  out  directly. 

rS«  \ 

Pt  . 


nS-l  n n/ 

states  2s  2p  Fl 
P  * 


nl  =  n 


S  =  S  , 
c  p  * 


L12  I  nl  ( L )  with  probability 
and  I '  =  1  . 


Lc  ■  L12 


leading  to  final 

So  n'  =  n  -  1, 
8  8 


Such  a  decomposition  of  the  initial  state  into  substates  each  with  a  different  ionization 
potential  results  in  a  splitting  of  the  photoionization  edges.  For  calculations  of  Planck 
mean  opacities  at  high  temperatures  (Sec.  VI)  this  splitting  should  yield  results  only 
slightly  different  from  a  calculation  in  which  splitting  is  ignored.  However,  the  split¬ 
ting  of  the  2p-edges  is  typically  a  few  electron  volts  in  magnitude  and  so  should  affect 
the  present  low-temperature  Planck  mean  opacities.  Rosseland  mean  opacities  should 
be  more  sensitive  to  splitting  due  to  the  filling  in  of  regions  in  the  frequency  spectrum 
where  the  absorption  coefficient  without  splitting  would  have  small  values. 


Once  the  initial  atomic  state  i  is  decomposed  into  all  possible  final  states  of  the 
residual  ion,  the  photoionization  cross  section  o^  is  evaluated  in  the  one-electron, 
electric-dipole  approximation.  For  a  transition  from  an  initial  bound  electronic 
state  (n  ,1 )  to  a  final  state  of  the  free  electron  with  energy  c  ,  the  photoionization 
cross  section  may  be  written  (Ref.  4) 


ye)  = 


16»3e2 


3c 


-  fp[(2 rh)  ("S'*1)2  +  (w^i)(Rrt+1f}  •  <s-3> 


for  photon  frequency  u>  , 
functions 


cl 1 

in  terms  of  the  integrals  R^ 


over  the  radial  wave 


C 


to 

Rnl*  =  J  r2  dr  R€,l'(r)rRnl(r)  '  (5'4) 

o 

This  result  has  been  derived  assuming  L-S  coupling  with  the  neglect  of  spin-orbit  inter¬ 
action,  and  the  wave  function  of  the  final  free  electron  state,  Rc|,(  r ) ,  is  normalized  on 
the  energy  scale 


00 

|  r2(lrI*€i|f<r>R€|»(r)  *  6(€’-€).  (5.5) 

o 
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Thus  the  only  unknown  quantities  in  Eq.  <5. 3)  are  the  radial  matrix  elements  R^  . 

In  most  previous  work  (Refs.  4,  8,  and  9)  these  matrix  elements  have  been  approxi¬ 
mated  by  hydrogenic  values. 

For  electrons  with  initial-state  principal  quantum  number  n  s  6  or  orbital  angular 
momentum  I  >  2  hydrogenic  results  have  been  used  here.  For  smaller  values  of 
these  quantum  numbers,  some  recently  obtained,  and  significantly  more  accurate 
expressions  for  the  radial  matrix  elements  are  used.  For  small  values  of  the  elec¬ 
tron  final  energy,  the  approximation  of  Burgess  and  Seaton  (Ref.  94)  is  used  and  is 
discussed  in  the  first  of  the  subsequent  subsections.  An  approximation  valid  for 
high-energy  electrons  is  described  in  the  second,  and  the  third  presents  some  com¬ 
parisons  with  more  detailed  Hartree-Fock  calculations.  The  final  subsection  contains 
a  brief  summary  of  the  computer  program  utilized  in  the  evaluation  of  the  photoioniza¬ 
tion  contribution  to  the  absorption  coefficient. 

THE  LOW-ENERGY  THEORY 

Recently,  Burgess  and  Seaton  (Ref.  96)  have  presented  an  approximation  to  the 

radial  matrix  elements  in  terms  of  the  asymptotically  correct  wave  functions.  This 

approximation  derives  from  the  observation  of  Bates  and  Damgaard  (Ref.  92)  that 

the  major  contribution  to  the  radial  integral  for  bound-bound  transitions  usually 

comes  from  values  of  r  sufficiently  large  that  the  effective  potential  is  a  Coulomb 

potential.  Replacing  the  actual  one-electron  wave  function  by  its  asymptotic  form  - 

a  linear  combination  of  the  regular  and  irregular  Coulomb  wave  functions  for  the 

observed  value  of  the  energy,  modified  for  small  r  to  ensure  convergence  of  the 

n'f ' 

radial  integrals  -  Bates  and  Damgaard  evaluated  the  radial  matrix  elements  R^ 
and  presented  their  results  in  tabular  form. 

Burgess  and  Seaton  (Ref.  96)  applied  similar  considerations  to  the  evaluation  of  the 

el ' 

radial  matrix  elements  R^  for  bound-free  transitions.  Whereas  the  asymptotic 
behavior  of  the  bound-state  wave  function  is  determined  by  the  physically-observed 


* 
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energy  of  the  bound  state,  the  large-radius  behavior  of  the  free-electron  wave  function, 
at  a  given  energy,  is  determined  by  a  phase  shift  5^ ,( L* ,  e ) .  In  the  approximation 
of  asymptotically  correct  wave  functions,  Burgess  and  Seaton  numerically  evaluated 
the  radial  matrix  elements  and  parameterized  the  resulting  photoionization  cross  sec¬ 
tion  [Eq.  (5. 3)]  in  the  form 


a[e)  -  a 


Gj, ,<v)cos2  +  aft(L',t)l 

.  4  - 


(5.6) 


where  Lf  is  the  orbital  angular  momentum  of  the  total  system  in  the  final  state.  The 
quantities  ,( L' )  are  the  results  of  the  angular  integrations  and  may  be  simply 
expressed  in  terms  of  Racah  coefficients  as  described  in  Ref.  96.  G,  y,  and  <p  are 
tabulated  by  Burgess  and  Seaton  as  functions  of  v  for  various  combinations  of  I  and 
I ’ ,  and  c  is  the  electron  kinetic  energy  in  rydbergs  divided  by  Z2  .  The  basic 
variable  of  the  theory,  v  ,  is  defined  by 


v  = 


Z 


VXj, 

iA"  -  1/x. 


) 


1/2 


(5.7) 


where 

1/Xjj  =  1  Ry  cm”1  =  109,737.3  cm”1 
l/X  =  term  value  of  the  initial  state  (cm”1) 

l/X”  =  term  limit  obtained  by  removing  the  initial  (n,l )  electron  and 
leaving  the  residual  ion  in  its  final  state  (cm-1) 

Z  =  charge  of  the  residual  ion 


The  dimensional  constant  <r  of  Eq.  (5. 6)  is  given  in  terms  of  the  Bohr  radius  a  by 

Q  O 


8. 559  x  10” 19  cm2  (£\ 

\Z2/ 


(5.8) 
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where  £(  v )  is  a  normalization  correction  to  the  asymptotic  bound  state  wave  function 

and  may  be  estimated  from  knowledge  of  the  physical  bound  states  of  the  system.  For 

example,  the  evaluation  of  £(  v )  for  the  outer  electron  in  the  configuration 
2  ns  "d/Sc  \  / S  \ 

Is  2b  2p  Lc  Inf  \  LJ  is  obtained  from  consideration  of  the  series  obtained  by 
varying  n  with  everything  else  fixed.  The  observed  energies,  ,  of  the  terms 
in  the  resulting  series,  relative  to  the  series  ionization  limit  Ij  =  jim  ,  are 
written 


<v«  -  V  -  -  lAVi 


<5. 9) 


in  terms  of  their  effective  quantum  number  t^j  ,  and  the  quantum  defect,  *tn.|  >  *8 
defined  by 


^n’l  =  “  Vl 


(5. 10) 


Seaton  (Ref.  97)  has  shown  that  the  so-defined  quantum  defect  is  a  continuous, 
analytic  function  of  the  energy  (for  fixed  f  )  which  may  be  written  j  •  Further, 
1 1  must  tend  to  an  integer  as  v  tends  to  any  one  of  the  integers  0,1,...,!  . 
Then  £(  v)  of  Eq.  (5. 8)  is  given  by 


dM,  «  9M€> 
«»>  ■  1+  dT  1  ,  + 


(S.  II) 


evaluated  at  the  observed  physical  energy  of  the  state  ( nf )  whose  normalization 
is  required. 


Thus,  to  estimate  t(v)  the  observed  energy  of  at  least  one  additional  term  of  the 
(n'f)  series  of  the  initial  state  (n,l)  is  required.  For  outer  (n,i)  electrons, 
such  states  are  included  in  the  initial  set  of  energies  described  in  Sec.  2  -  at  least 

s 

upon  relaxation  of  the  condition  that  the  outer  coupling  h  be  fixed.  For  inner 
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electrons,  however,  in  the  presence  of  an  excited  outer  electron  (e,  g. ,  the  2p  orbital 
in  the  state  2s2  2p2(3p)3s  of  Nl]  the  excited  state  necessary  to  estimate  £(  ;>)  is  a 
doubly-excited  state  [2s2  2p(2p)3s  3p  in  the  preceding  example] .  The  energies  of  such 
states  are  generally  not  known.  The  present  calculation  uses  an  approximation  of 
Seaton  (Ref.  97)  for  such  inner  2p-orbitals 


£(v) 


<»  -  IXv  +  2) 
v(v  +  1) 


and  chooses  t  =  1. 0  for  inner  2s-orbitals.  Some  comparisons  with  Hartree-Fock 
solutions  indicate  this  approximation  is  reasonable. 

For  the  phase  shift  6j ,( L’ ,  e )  of  the  free-electron  final  state,  Seaton  (Ref.  97)  has 
shown  that  a  low-energy  approximation  is  given  by  extrapolating  the  quantum  defect 
( O  ,  Eq.  (5. 10),  of  the  series  containing  the  final  state  to  small  positive  energies 
according  to 


6||(€,L’)  =  *p|t(€) 


(5. 12) 


Moiseiwitsch  (Ref.  98)  has  demonstrated  that  this  result  corresponds  to  an  effective  - 
range  expansion  about  the  physical  bound  states. 

For  electrons  with  principal  quantum  number  n  >  3  the  initial-state  occupation 
numbers  are  summed  over  the  total  orbital  angular  momentum  of  the  atom,  so  the 
decomposition  into  final  L’  values  is  ignored,  the  phase  shift  is  taken  to  be  zero  and 
=  1^/(2! +  1)  where  f>  is  the  greater  of  !  and  I’.  Electrons  with  orbital 
angular  momentum  1 '  >  2  in  the  final  state  have  small  phase  shifts  at  low  energies, 
\  so  again  the  present  calculation  assumes  the  phase  shift  to  vanish. 

f 

I 

.  For  photoionization  of  an  outer  electron  to  a  final  s  or  p  state  the  zero  energy 

|  phase  shift  is  obtained  by  Eq.  (5. 12),  extrapolating  linearly  from  the  physical  bound 


I 
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states  with  high  principal  quantum  numbers.  However,  in  the  photoionization  of  an 
inner  electron  in  the  presence  of  an  outer  excited  electron  a  difficulty  occurs  similar 
to  that  encountered  for  such  states  in  the  normalization  procedure.  Again,  the  physi¬ 
cal  states  required  are  doubly-excited  states  and  are  unknown,  so  the  extrapolation  of  the 
quantum  defect  is  impossible.  The  present  calculation  sets  the  phase  shift  to  zero  for 
such  states.  Generally,  the  most  significant  low-energy  phase  shift  is  for  final 
s-states,  thus  the  2p  —  cs  photoionization  cross  section  in  the  presence  of  an  outer 
excited  electron  is  in  question.  However,  the  2p  —  ed  transition,  with  small  d-state 
phase  shift,  usually  dominates  the  2p  -*  es  ,  so  this  uncertainty  is  probably  not  too 
great.  A  more  serious  difficulty  is  the  neglect  of  the  p- state  phase  shift  in  the 
2s  -*■  cp  transition  in  the  presence  of  the  excited  outer  electron.  The  uncertainty  due 
to  this  approximation  can  probably  only  be  resolved  by  detailed  electron  scattering 
calculations  or  Hartree-Fock  calculations  of  the  continuum  state. 

A  low-energy  expansion  of  the  Burgess-Seaton  cross  section,  Eq.  (5.6),  for  integer  v 

and  to  first  order  in  €  agrees  with  a  corresponding  expansion  of  the  exact  hydrogenic 

results.  Thus  the  Burgess-Seaton  theory  is  to  be  considered  a  valid  approximation 

2 

when  the  electron  kinetic  energy  is  much  less  than  Z  rydbergs.  Furthermore, 
when  sufficient  information  regarding  the  physical  bound  states  is  available,the  result 
of  Burgess  and  Seaton  is  probably  more  reliable  than  continuum  Hartree-Fock  calcu¬ 
lations  (Refs.  99  and  100)  as  some  effects  due  to  exchange  and  polarization  of  the  core 
are  reflected  in  the  physical  energies  of  the  states  with  large  principal  quantum  num¬ 
ber  used  in  the  extrapolation  for  the  phase  shift. 

Thus  we  conclude  that  the  Burgess-Seaton  approximation  is  a  reasonably  valid  and 
useful  approximation  near  the  photoionization  threshold,  with  the  exception  of  the 
aforementioned  inner-shell  transitions  in  the  presence  of  an  excited  outer  electron. 

The  simplicity  of  the  resulting  expression  for  the  photoionization  cross  section  ren¬ 
ders  it  particularly  suitable  for  evaluation  of  the  large  number  of  initial  states  present 
in  this  calculation. 
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THE  HIGH-ENERGY  THEORY 


For  energies  of  the  final -state  free  electron  much  greater  than  zero  the  Burgess - 
Seaton  approximation  is  inapplicable.  An  approximation  of  frequent  utility  in  high- 
energy  scattering  calculations  is  the  Born  approximation.  A  straightforward 
application  of  the  Born  approximation  to  calculation  of  the  photoionlzation  cross  sec¬ 
tion,  however,  leads  to  an  incorrect  result,  as  shown  by  Bethe  and  Salpeter  (Ref.  91) 
in  an  hydrogenic  calculation.  Similar  behavior  has  been  noted  by  Kabir  and  Salpeter 
(Ref.  101)  and  by  Dalgarno  and  Stewart  (Ref.  102),  who  show  that  a  Born  approximation 
to  the  acceleration  form  of  the  photoionization  matrix  element  yields  a  result  asymp¬ 
totically  correct  at  high  electron  energies. 

The  basic  expression  for  a  radiative  transition  -  in  the  electric-dipole  approximation  - 
between  atomic  states  |i>  and  |f>  is 

°ii =  M'lH2  <*•»> 


from  which  Eq.  (5. 3)  is  obtained  upon  performing  the  angular  integrations  and  the 
average  over  the  polarization  directions  of  the  incident  radiaticn.  As  shown  by  Bethe 
and  Salpeter  (Ref.  91),  forms  equivalent  to  Eq.  (5. 13)  are 


4 

m2cu 


.4 M 

m2cw2 


(5. 14) 


the  dipole-velocity  and  dipole-acceleration  forms,  respectively;  Z  is  the  nuclear 
charge,  m  the  electron  mass.  It  can  be  shown  (Ref.  103)  that  a  use  of  the  accelera¬ 
tion  form  of  the  matrix  element  in  a  high-energy  Born  approximation  gains  one  iterate 
of  the  Born  series  over  the  use  of  the  dipole-velocity  form.  The  second  Born  approxi¬ 
mation  to  the  velocity  matrix  element  contains  a  term  with  the  same  high-energy 
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behavior  as  the  first-Born  approximation  -  thus  guaranteeing  an  incorrect  high-energy 
result  when  using  the  first  Born  approximation  alone  -  whereas  the  first  Born  approxi¬ 
mation  to  the  acceleration  matrix  element  gives  the  correct  high-energy  behavior. 
Accordingly,  the  present  calculation  evaluates  the  photoionization  cross  section  for 
high  electron  energy  by  the  dipole-acceleration  Bom  approximation. 

When  the  angular  integrations  and  polarization  averages  are  performed  in  Eq.  (5. 14), 
a  result  analogous  to  Eq.  (5.3)  is  obtained 


„  m  _  W’z2-6 

3mZ 


K  'Mrwcrf  •  (HWf]  «“> 


with 


<l’  *  fRcl'<r>iRn«<r>r2dr 

J  r 


(5. 16) 


In  the  first  Bora  approximation  the  properly  normalized  free-electron  wave  function  is 
the  plane  wave  -  (k/2ir2)  exp  ( ik  •  r )  -  so 


fv<kr,vr>dr 


(5. 17) 


in  terms  of  the  spherical  Bessel  functions  ]|(kr),  where  kz  *  electron  kinetic 
energy  in  rydbergs. 

Through  use  of  a  generalization  of  the  HFS  code  of  Hermann  and  Skillman  (Ref.  104), 
wave  functions  have  been  generated  for  the  many  bound  atomic  states  present  in  the 
gas.  The  resulting  numerical  wave  functions  have  been  fitted  by  analytic  functions  of 
the  form 


N 


Rm<r>  *  5 

n  =  l 


Bn  “anr 

C  r  n  e  n 
n 


(5. 18) 
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with  integer  values  of  0n  .  From  comparison  of  the  numerical  results,the  following 
conventions  were  adopted  in  order  to  reduce  the  number  of  orbitals  required  while 

still  retaining  accuracy  suitable  to  the  present  application: 

n8  n» 

(a)  For  ground-state  cores  -2s  2pMif  ,  the  orbital  (n,i)  was  calculated 
for  3  £  n  £  8  and  f  =  0 , 1 , 2 , 3  only.  For  all  values  of  ( n ,  I )  the 
core  orbitals  are  approximated  by  those  calculated  with  ( n  =  3,1)  unless 

1  »  3  ,  when  the  core  orbitals  used  are  those  calculated  with  ( n  *  4 , 1  =  3 ) . 

(b)  For  excited  cores  with  one  or  more  2s-electrons  excited  to  a  2p-orbit,  the 
orbital  (n,f )  is  calculated  for  n  =  3,4,5  and  f  =0,1,3  and  for 

n  *  3 , 4  for  I  =  2  .  For  larger  n  the  ( n ,  I )  orbital  is  approximated 
by  those  calculated  in  the  presence  of  the  ground  state  core.  The  core 
orbitals  are  subject  to  the  same  conventions  as  in  Case  (a). 


In  terms  of  the  bound  orbitals,  Eq.  (5. 18),  Eq.  (5. 15)  for  the  cross  section  becomes 


'e!' 

nf 


(1.712  x  10”18) 


X  FpC4  2  c»(e)\-(t*„)1 

Ln  =  l  . 


cm4  (5. 19) 


where 


c„,  =  (1/21  +  1) 


and 
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!,(<«, fl)  =  f  «'a‘lSJ|(»>dl 


...  Jt  +  B  ±  1  .  1  -  8  +  1  .  3  1  \ 

r\5)r(i  +  s  +  i)  F\  2  ’  2  *2  1  +  a2/ 
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These  are  most  easily  evaluated  using  the  recursion  relations 


I t(a,p)  =  6po6n  -  a  1^(0, 0)  +0  +  1-1)  I£-1(aO  -  1) 

2  _^/2  -1  , 

I0(aO)  =  TO)  (1  +  a)  sin  [0  tan  A(l/a)l 
l£(a,0)  =  «n  -<*(Mf”i)Il-l(a*0)  '(1fJl)Il-2(a’0) 


(5.21) 


l0(a,0)  =  tan"1  (1/a)  J 

As  discussed  by  Chandrasekhar  (Ref.  105)  the  three  expressions  [Eqs.  (5. 13)  and 
(5. 14)]  are  equivalent  for  exact  wave  functions  but  for  approximate  wave  functions 
the  fact  that  they  weight  different  regions  of  configuration  space  differently  leads  to 
different  results.  Thus  the  Burgess -Seaton  approximation  of  wave  functions  correct 
for  large  r  starts  from  Eq.  (5. 13)  and  conforms  to  the  familiar  uncertainty-principle 
arguments  that  low-energy  scattering  states  preferentially  sample  the  long-range  parts 
of  the  bound  state.  Similarly  the  high-energy  scattering  state  weights  more  heavily  the 
short-range  part  (the  high-momentum  Fourier  components)  of  the  bound  state,  as  does 
the  acceleration  form  of  the  matrix  element.  Variationally  determined  wave  functions 
are  usually  less  reliable  for  small  than  for  intermediate  values  of  r  ,  so  the  accuracy 
at  short  distances  of  the  HFS  wave  functions  represents  a  source  of  uncertainty  in 
the  present  results. 


THE  APPROXIMATE  PHOTOIONIZATION  CROSS  SECTION 


The  occurrence  of  the  spherical  Bessel  function  in  Eq.  (5. 17)  represents  an  approxi¬ 
mation  to  the  more  correct  positive-energy  regular  Coulomb  function  valid  if  k  »  Z  - 
a  domain  of  validity  opposite  to  that  of  the  Burgess-Seaton  approximation,  as  dis¬ 
cussed  at  the  end  of  the  first  subsection.  For  the  present  calculation  an  exponential 
interpolation  formula  is  utilized, 


0(0  *  oBS(c)e'“r+  0HE(O(l  -  e'“r] 
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(5. 22) 


where  cr^g  and  are  the  photoionization  cross  sections  calculated  according  to 

the  Burgess-Seaton  and  high-energy  approximations,  respectively.  The  parameter  a 

o 

was  chosen  to  weight  the  two  approximations  equally  at  €  =  Z  rydbergs. 

Comparisons  of  the  photoionization  cross  section  obtained  from  Eq.  <5. 22)  with 
Hartree-Fock  calculations  obtained  with  the  computer  program  of  Dalgarno,  Henry, 
and  Stewart  (Ref.  100)  are  presented  in  Figs.  V-l  through  V-4  .  Included  in  the  fig-  - 
ures  are  results  obtained  by  an  hydrogenic  approximation  with  Gaunt  factors  from 
Karzas  and  Latter  (Ref.  89)  and  with  the  unit  Gaunt  factors  used  by  Stewart,  and  Pyatt 
(Ref.  8).  It  is  seen  that  the  hydrogenic  approximation  consistently  underestimates  the 
Hartree-Fock  results  and  agreement  improves  for  states  of  higher  degree  of  ioniza¬ 
tion.  Thus  the  hydrogenic  approximation  is  most  suitable  at  high  temperatures  and 
low  densities.  Comparing  continuum  Planck  means  obtained  by  Stewart  and  Pyatt  with 
those  of  the  present  calculation  -  Sec.  VI,  Table  VI-2  -  bears  out  thie  observation. 

The  fact  that  the  hydrogenic  approximation  to  the  photoionization  cross  section 
generally  lies  below  that  of  Burgess  and  Seaton  is  consistent  with  the  observation 
that  the  hydrogenic  approximation  assumes  that  the  final -state  free  electron  moves 
in  a  Coulomb  field  with  the  same  effective  charge  as  does  the  inital  bound-state 
electron,  whereas  in  the  Burgess-Seaton  approximation  the  free  electron  sees  pri¬ 
marily  the  charge  of  the  residual  ion.  The  effective  charge  of  the  bound  state  is 
generally  greater  than  the  residual  ionic  charge,  and  this  greater  charge  leads 
to  a  shorter-wavelength  free-electron  wave  function  and  the  resulting  greater 
cancellation  in  the  transition  matrix  element.  Thus  the  replacement  of  the  bound 
charge  by  the  residual  charge  (the  replacement  of  the  hydrogenic  by  the  Burgess- 
Seaton  approximations)  should  decrease  the  cancellation  and  increase  the  magni¬ 
tude  of  the  cross  section. 

To  account  for  bound-bound  transitions  with  upper  level  above  the  merging  limit, 
the  photoionization  cross  section  is  extrapolated  linearly  to  a  value  (z2/n^ )  ryd- 
fc»rgs  below  the  vacuum  edge,  where  nm  is  defined  in  the  discussion  following 
Eq.  (4. 13)  in  Sec.  IV. 
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Fig.  V-l  Comparison  of  photo  ionization  cross  section  obtained  with  Hartree-Fock 
calculations  of  Ref.  100  and  those  obtained  with  Eq.  (5. 22)  - 

01:  2s2  2p4(  3P )  -  2s2  2p3(  4S  )e 
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Fig.  V-2  Comparison  of  photoionization  cross  section  obtained  with  Hartree-Fock 
calculations  of  Ref.  100  and  those  obtained  with  Eq.  (5. 22)  - 

OI :  2s2  2p4  ( 3P )  -  2s2  2p3  ( 2D  )e 
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THE  COMPUTER  CODE  PIC 

A  computer  program  PIC  has  been  devised  to  compute  the  approximate  photoionization 
cross  section  for  each  of  the  large  number  of  atomic  states  present  in  the  gas.  The 
program  is  coded  in  the  FORTRAN  n  (Version  HI)  language  and  has  been  operated  on 

> 

|  an  IBM -7  094  computing  system. 

t 

The  initial  data  upon  which  the  code  operates  are  identical  to  those  used  by  the  pro¬ 
gram  MULTIPLET,  described  in  Sec.  IV.  For  each  atomic  state  one  of  whose  occupa¬ 
tion  numbers  is  greater  than  an  arbitrary  cutoff  aQ  -  set  equal  to  10"6  for  oxygen 
and  for  nitrogen  -  all  possible  photoionization  transitions  are  computed  by  the 
approximations  described  in  the  preceding  sections.  For  each  transition  the  photo¬ 
ionization  cross  section  is  evaluated  at  a  predetermined  set  of  electron  energies  and 
the  results  are  written  onto  a  tape  -  generating  an  atlas  of  photoionization  transitions. 


I 


The  final  phase  of  PIC  is  concerned  with  generating  from  the  data  in  the  photoioniza¬ 
tion  atlas  a  frequency-dependent  absorption  coefficient  p(  e )  ,  Eq.  (5. 1),  over  an 
arbitrary  set  of  energies  «N  .  For  each  desired  set  of  equally-spaced  energies  the 
program  is  provided  with  a  data  card  containing  ( ,  Aw ) ,  where  N^(  <  2000 ) 
is  the  number  of  energies  at  which  the  absorption  coefficient  is  to  be  tabulated  and 
eN  =  wQ  +  (N  -  l)4w  ,  (N  =  l»Nw)  specifies  the  energy  set.  For  each  transition 
in  the  photoionization  atlas  the  cross  section  is  evaluated  at  the  energies  and  the 
continuous  absorption  coefficient  [Eq.  (5.1)]  is  accumulated. 

A  complete  FORTRAN  listing  of  PIC  is  included  in  Appendix  C. 
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Section  VI 

OPACITY  RESULTS 

CALCULATIONS 

For  purposes  of  radiation-transport  calculations  certain  frequency  averages  of  the 
radiation-absorption  coefficient  are  of  frequent  utility.  Two  such  mean  opacities  are 
considered  here.  The  hydrogenic  free-free  absorption  coefficients  tabulated  in  Ref.  5 
have  been  included  in  our  results. 

In  emi8sivity  studies  the  Planck  mean  opacity  is  a  convenient  result: 

Pp  =  -^4  f  €3  e~€^T  n{  e )  dc  .  (6. 1) 

*T  0 

Results  obtained  for  Planck  mean  opacities  in  the  present  calculation  are  presented 
in  Table  VI-1  for  the  temperatures  and  densities  considered.  The  line  contributions 
alone  are  in  substantial  agreement  with  the  results  of  the  preliminary  calculation  of 
Armstrong  and  Aroeste  using  the  same  f-numbers  as  used  here  (Ref.  106).  As  dis¬ 
cussed  in  Ref.  106,  the  major  discrepancy  with  the  line  Pianck  mean  results  of 
Stewart  and  Pyatt  (Ref.  8)  appears  to  be  due  to  our  inclusion  of  same-shell  transi¬ 
tions.  At  the  highest  temperatures,  however,  where  the  Planck  weighting  function 
lessens  the  importance  of  these  same-shell  transitions  it  is  found  that  our  line  Planck 
means  fall  consistently  below  those  of  Stewart  and  Pyatt.  Part  of  this  discrepancy  is 
probably  due  to  the  effect  noted  in  Sec.  V  that,  in  the  non -hydrogenic  approximations 
made  here,  part  of  the  oscillator  strength  is  squeezed  out  of  the  lines  and  into  the 
continuum  -  relative  to  a  hydrogenic  approximation.  However,  the  major  source  of 
the  discrepancy  is  most  likely  due  to  our  neglect  of  line  transitions  into  doubly 
excited  final  states. 
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Table  VI- 1 

PLANCK  MEAN  OPACITIES  FOR  NITROGEN  AND  OXYGEN 


In  Table  VI-2  are  comparisons  of  our  results  for  continuum  Planck  mean  opacities  - 
photoelectric  plus  hydrogenic  free-free  -  with  the  earlier  hydrogenic  results  of 
Armstrong  (Ref.  5)  which  used  the  same  initial  atomic  states  and  occupations  thereof 
as  used  here.  Thus  the  present  calculation  differs  from  that  of  Armstrong  primarily 
in  the  use  of  nonhydrogenic  matrix  elements.  It  is  seen  that  the  present  results  lie 
consistently  above  the  earlier  hydrogenic  values.  Included  in  Table  VI-2  are  the  nitro¬ 
gen  continuum  Planck  means  of  Stewart  and  Pyatt  (Ref.  8)  interpolated  to  our  densities. 
(The  20-eV  Stewart-Pyatt  data  are  the  result  of  a  double  interpolation  in  both  density 
and  temperature  and  are  thus  somewhat  less  reliable. )  The  Stewart  and  Pyatt  calcu¬ 
lation  is  also  an  hydrogenic  approximation  with  unit  Gaunt  factors.  The  occupation 
numbers  were  obtained  by  a  theoretical  approximation  different  from  ours. 

The  present  calculation  of  the  line  Planck  mean  opacity  numerically  integrates  the 
accumulated  line  absorption  coefficient  due  to  broad  lines  and,  for  each  narrow  line, 
accumulates  the  Planck  integrand  [Eq.  (6. 1)J  at  the  position  of  each  narrow  line.  The 
distinction  between  broad  and  narrow  lines  is  discussed  at  the  conclusion  of  Sec.  IV. 

A  frequency-averaged  absorption  coefficient  useful  in  radiation  diffusion  calculations 
is  the  Rosseland  mean  free  path 


sr^-Hr-sf  -f4 e*P(2f/T>d£-,  (6.2) 

**R  4ttV£  fi(€)  [exp(e/T)-  l]*5 

where  is  the  Rosseland  mean  opacity.  Our  results  for  the  Rosseland  mean 
opacities  are  presented  in  Table  VI-3,  which  includes  for  comparison  the  nitrogen 
results  of  Stewart  and  Pyatt  (Ref.  8).  Compton  scattering  has  been  included  in  our 
results  (for  the  Rosseland,  not  the  Planck  mean)  and  K-shell  effects  are  neglected. 

The  Rosseland  mean  opacity  [Eq.  (6. 2)]  -  being  an  inverse  mean  of  the  absorption 
coefficient  u(  E )  -  is  a  non-additive  function,  of  the  line,  photoionization,  free-free, 
and  scattering  contributions  to  the  absorption  coefficient.  Therefore,  a  modified 
version  of  the  final  phase  of  MULTIPLET  has  been  devised  -  the  code  RABS,  a  com¬ 
plete  FORTRAN  listing  of  which  is  included  in  Appendix  D. 
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Table  VI-2 


CONTINUUM  PLANCK  MEAN  OPACITIES  FOR  NITROGEN  AND  OXYGEN 
COMPARISON  WITH  PREVIOUS  RESULTS 


Table  VI-3 

ROSSELAND  MEAN  OPACITIES  FOR  NITROGEN,  OXYGEN,  AND  AIR 


Temperature 

<eV) 

Nitrogen 

Ion 

Density 
(nuclei  cm-3) 

Mean  Opacity 
(cm-i) 

Oxygen 

ion 

Denaity 
(nuclei  cm-3) 

LMSC 

Mean  Opacity 
(cm*1) 

Air 

Ion 

Denaity 
(nuclei  cm*3) 

— 

LMSC 

Mean  Opacity 
(cm*1) 

LMSC 

Ref.  8 

1 

S.2518 

2.48‘3 

■RMHj 

5.3«17 

1.78”4 

5.3716 

5.3718 

1.47-8 

5.3716 

5.3815 

5.3818 

9.36~7 

5.38*8 

5.3814 

1.56‘8 

5.3814 

2.93-8 

5.3814 

5.3813 

2.06-10 

5.38*3 

3.74-*0 

5.3813 

2 

2.3420 

8.68 1 

3. 3220 

1.18  2 

2. 5520 

9.78* 

3.1818 

1. 16”* 

3.7718 

2. 27"1 

3.  2918 

1.52”* 

3.3217 

1.07'3 

3.8517 

1.47-3 

3.43*7 

1.24'3 

3.8618 

1.97*5 

4.6816 

2. 35-6 

4.0316 

2.09*8 

3.9018 

5.58‘7 

5.5918 

3. 26-7 

4.2618 

5. 19  ”7 

3.9714 

1.19-8 

5.5914 

4. 10-9 

4.3114 

1.06'8 

5 

2.5820 

2.812 

l..2 

3.0220 

2.622 

2.6820 

3.352 

5.5018 

5. 15_* 

3.2*1 

8.5718 

4. 10”* 

5.7318 

6. 05** 

5.2417 

«.35‘3 

6.3*3 

6.4517 

5.96-3 

5.5017 

6.92~3 

5.6518 

1.06-4 

l.O”4 

6.7618 

9.61~8 

5. 8818 

1. 12'4 

6.4918 

1.67"6 

1.8'8 

7.9718 

1.45-8 

6.8018 

1, 76~6 

7. 5014 

2.4l”8 

3.6*8 

9.25*4 

1.99-8 

7. 87 14 

2.5l'8 

10 

4.1120 

6.922 

3.42 

4.7620 

3.202 

4.2520 

7.782 

8.8118 

1.01 

7. 3~* 

1.04*9 

7.97-1 

9.14*8 

1.09 

8.7117 

1.04-2 

9.6'3 

1.0318 

1.02”2 

9.0417 

1. 16  ”2 

». 791# 

1.27-4 

1.2'4 

l.ll17 

1.69-4 

1.0117 

1.47*4 

1.2318 

1.67”6 

1.5"8 

1.2918 

2.06*8 

1.2518 

2. IS”6 

l.«215 

2.95’8 

2,9*8 

1.5818 

4.36“8 

1.6118 

3.84~8 

15 

5.5320 

4.192 

2. 52 

6. 40 20 

7.732 

5.7220 

5.502 

1.2719 

8.55'1 

8.3”* 

1.4219 

1.08 

1.3019 

8.46-1 

1.3818 

5,48*3 

5, 8-3 

1.4418 

1. 12”2 

1.40*8 

8.0l”3 

1.7217 

7.0l”8 

5.9’8 

1.6817 

1.34”4 

1.7117 

1.04-4 

2.2316 

1. 16*8 

9. 8~7 

2.1418 

1.85*8 

2.  2216 

1.66”8 

2.9618 

3. 17  ”8 

3.2*8 

2.8318 

3.78~8 

2.94*5 

3.88*8 

20 

7. 0720 

1.872 

l.«2 

8.0120 

5.422 

7.2720 

2. 842 

1.8019 

3. 15”* 

5.C"1 

1.8619 

7.44-1 

1.8119 

5. 14~* 

2.0818 

3.67'3 

e.r3 

2.0418 

6. 30*3 

2. 07*8 

5. 80~3 

IT 

2.62*" 

5. 74~" 

6.9”* 

_ 17 

2.94 

-  ..-5 

O.Ul 

-  -~17 

-  „.-5 

0.94 

3.4218 

1.11-6 

1.2*8 

3.2716 

1.35-8 

3.3916 

1.59-6 

4.5515 

3.58'8 

4. 2-8 

4.3418 

4.04-8 

4. SI*8 

4.3S”8 
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The  program  RABS  is  identical  to  Phase  3  of  MULTIPLET  with  the  modification  that 
prior  to  accumulating  the  broad-line  contribution  to  the  absorption  coefficient  the  hydro- 
genic  free-free  absorption  coefficient  from  Ref.  5  is  read  from  cards,  the  tabulated 
photoionization  coefficient  from  the  code  PIC  (Sec.  V)  is  read  from  tape,  and  the 
Compton  scattering  cross  section  is  calculated.  The  broad-line  absorption  coefficient 
is  then  accumulated  on  top  of  these  continuum  contributions. 

For  the  purposes  of  the  Rosseland-mean  calculation  the  narrow  lines  are  divided  into 
two  classes  -  strong  and  weak.  Strong  lines  are  those  whose  strength  at  the  line 
center  is  greater  than  the  continuous  absorption  coefficient  -  evaluated  at  the  line 
center;  the  remaining  narrow  lines  are  classified  as  weak.  In  RABS  the  line  wings  of 
the  strong  narrow  lines  are  accumulated  with  the  broad  lines,  so  the  final  tape  result¬ 
ing  from  RABS  contains  the  tabulated  absorption  coefficient  due  to  all  atomic  contri¬ 
butions  except  the  weak  narrow  lines  and  the  line  centers  of  the  strong  narrow  lines. 

To  finally  evaluate  the  Rosseland  mean  opacity,  a  computer  program  ROSS  is  utilized 
to  read  the  tape  provided  by  RABS  and  to  properly  accumulate  the  narrow-line  contri¬ 
bution  to  the  local  mean  free  path  -  averaged  over  the  small  frequency  interval  Aw 
(defined  at  the  end  of  Sec.  IV).  The  local  mean  free  path  is  tabulated  by  the  code  as  a 
function  of  energy  and  density;  a  numerical  integration  of  Eq.  (6. 2)  -  with  a  variable 
upper  limit  -  is  carried  out,  and  the  code  tabulates  the  resulting  partial  Rosseland 
means. 

The  mean  free  path  frequency-averaged  over  the  small  interval  Aw  is  calculated  by 
attributing  a  rectangular  shape  to  the  weak  narrow  lines  and  a  Lorentz  shape  to  the 
strong  narrow  lines.  The  frequency  interval  Aw  is  then  subdivided  into  generally 
unequal  subintervals  sufficient  to  adequately  represent  numerically  the  narrow  lines 
in  the  interval.  Over  these  refined  subintervals  the  narrow  lines  are  accumulated 
with  the  rest  of  the  absorption  coefficient  and  the  local  mean  free  path  is  obtained  by 
numerical  integration.  A  complete  FORTRAN  listing  of  ROSS  is  included  in 
Appendix  D. 
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COMPARISON  WITH  EXPERIMENT 


An  experimental  observation  of  the  emissivity  of  pure  nitrogen  at  a  temperature  of 

_2 

11, 000°  K  and  a  density  1. 16  x  10  normal  has  recently  been  carried  out  by  Boldt 
(Ref.  107).  The  intensity  measurements  covered  a  wavelength  interval  of  4000  to 
6000  A,  and  the  effects  due  to  strong  narrow  lines  were  omitted.  A  comparison  of 
the  results  of  our  calculation  at  Boldt 's  temperature  and  density  with  the  experimental 

o 

results  is  shown  in  Fig.  VI-1.  Included  are  our  line  emissivities,  averaged  over  200-A 
intervals  and  not  corrected  for  self-absorption.  It  is  seen  that  most  of  the  emissivity 
is  due  to  photoionization  transitions. 

Allen41  and  associates  at  AVCO  (Ref.  108)  have  recently  measured  the  emissivity  of 
an  air  sample  at  a  temperature  of  10,500*K  and  normal  density  over  a  wavelength 
interval  0. 5  to  1. 3  n.  (5000  to  13, 000  A . )  The  total  emitted  intensity  is  observed 
over  50-A  intervals  from  0. 5  to  0.6  n  and  over  300-A  intervals  from  0. 8  to  1. 3  n. 

The  experimental  results  and  our  theoretical  approximations  thereto  are  presented 
in  Fig.  VI-2. 

Our  nitrogen  calculation  was  carried  out  in  fair  detail  with  an  approximate  correction 
for  self-absorption  of  the  strong  narrow  lines  by  limiting  their  intensity  to  the  theo¬ 
retical  maximum,  the  Planck  function.  The  oxygen  calculation  was  quite  crude  in 
that  multiplet  splitting  of  the  3s  and  3p  states  was  ignored.  Thus  the  3s  and  3p 
transitions  which  dominate  the  region  0. 7  to  1  n  appeared  at  a  single  energy,  whereas, 

o 

in  fact,  they  should  be  spread  over  an  1800-A  interval.  In  view  of  the  crudeness  of 
the  oxygen  treatment  and  our  uncertainty  in  matching  the  experimental  conditions,  our 
results  are  in  reasonable  agreement  with  the  experimental  data. 

CONCLUSIONS 

As  indicated  in  the  introduction,  the  aim  of  the  present  study  was  to  remove  those 
hydrogenic  approximations  most  seriously  in  question  in  previous  calculations  and  to 


♦Private  communication. 
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Fig.  VI-1  Comparison  of  experimental  data  from  Ref.  107  with  the  results  of  the 
present  calculations. 


Fig.  VI -2  Comparison  of  experimental  data  from  Ref.  108  with  the  resulte  of  the 
present  calculations. 


study  the  effects  thereof.  To  this  end  the  bulk  of  the  hydrogenic  matrix  elements  have 
been  replaced  by  physically  more  reasonable  values,  and  computer  programs  have 
been  developed  to  treat  the  relevant  physical  processes  in  as  much  detail  as  practicable , 
consistent  with  the  uncertainties  in  the  basic  physical  parameters.  Some  mean  opaci¬ 
ties  useful  in  radiative  transfer  problems  have  been  evaluated,  and,  by  use  of  the  com¬ 
puter  programs,  more  detailed  results  are  easily  obtainable. 

It  is  felt  that  the  major  source  of  uncertainty  in  our  results  is  likely  to  be  our  neglect 
of  line  transitions  to  doubly-excited  final  atomic  states.  The  effect  of  this  neglect  is 
undoubtedly  showing  up  in  our  line  Planck  mean  results.  Due  to  the  overlap  of  such 
final  states  with  the  continuum  the  states  are  subject  to  autoionization  and  thus  should 
be  quite  broad  -  affecting  the  Rosseland  mean  opacities.  An  adequate  treatment  of 
such  transitions  would  require  a  detailed  theoretical  study  of  the  broadening  problem. 

The  lack  of  experimental  information  regarding  these  same  doubly-excited  states 
forces  some  rather  arbitrary  approximations  in  the  Burgess-Seaton  calculation  of  the 
photoionization  of  inner  electrons  -  as  discussed  in  Sec.  V.  A  noticeable  improvement 
would  probably  require  more  detailed  and  time-consuming  Hartree-Fock  calculations 
similar  to  those  of  Dalgarno  (Ref.  100). 

At  low  photon  energies  and  high  temperatures  the  free-free  absorption  becomes  a  sig¬ 
nificant  contribution  to  the  opacity.  The  hydrogenic  values  used  in  this  work  are 
certainly  subject  to  doubt  and  further  studies  of  nonhydrogenic  approximations  are 
undoubtedly  warranted  for  the  free-free  contribution. 

In  view  of  the  accuracy  of  our  input  information  and  the  amount  of  physical  detail  we 
have  taken  into  account  we  feel  that  our  results  should  be  the  most  accurate  air  opacity 
results  presented  to  date.  However,  we  cannot  place  quantitative  estimates  on  our 
accuracy,  as  this  project  has  of  necessity  had  to  be  terminated  before  the  requisite 
analysis  could  be  carried  out.  Detailed  parameter  studies  and  numerical  estimates 
of  neglectea  effects  should  be  undertaken  as  well  as  further  checking  and  testing  of  our 
results. 
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Appendix  A 

STATISTICAL  MECHANICS  OF  PLASMAS* 

A.  1  GENERALIZATION  OF  SIEGERT'S  DERIVATION  OF  THE  OCCUPATION 
NUMBER  FORMULA 

It  appears  that  the  variational  derivation  given  by  Siegert  of  the  formula  for  the  occupa¬ 
tion  number,  Ni  j  ,  [Ref.  4,  Eq.  (20)] ,  can  be  improved  somewhat.  Furthermore*  it 
is  worthwhile  to  consider  the  drivation  of  this  and  related  formulas  from  a  different 
approach,  namely  use  of  the  grand  canonical  partition  function.  There  are  at  least 
two  reasons  for  looking  at  this  alternative  derivation.  First  in  the  framework  of  the 
grand  partition  function  it  is  easy  to  include  electron-degeneracy  effects  due  to  the 
operation  of  Fermi  statistics.  Secondly,  results  for  the  interaction  free  energy  includ¬ 
ing  quantum  effects  for  a  dense  plasma  are  usually  obtained  using  the  grand  partition 
function. 

One-component  Plasma  Using  the  Grand  Partition  Function.  To  illustrate  a  few  points 
that  will  come  up  in  the  treatment  of  an  ionized  gas .  we  first  look  at  the  electron  gas 
in  a  smeared-out  positive  background.  The  grand  partition  function  is 


Recall  that  the  thermodynamic  potential  fl  is  identical  to  the  pressure  £2  =  PV  ,  but 
as  a  function  of  a  and  /?,  not  p  and  £ .  The  two  parameters,  a  =  chemical 


♦This  appendix  was  written  by  H.  E.  DeWitt. 
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potential  and  fi  =  l/kT  ,  are  normalized  to  the  number  of  particles  and  the  energy 
respectively,  as  obtained  from 


v  =  TrH  exp  ( aN  -  )3H ) 

*  “  "~80  ~  Tr  exp  ( aN  -  0H ) 


rr  dim  Tr  Nexp  ( aN  -  gH ) 
N  Bp  Tr  exp  ( aN  -  /3H ) 


/3fij  is  the  interaction  contribution  to  the  grand  potential.  For  the  electron  gas  of  any 
degree  of  degeneracy  we  have 


-  ‘WQf) 

pa  =  N  m 


where 


,  = _ {wmm . . .  j  ,  {a  > 

( 2s  +  1  )*2/2(2mkT  )3/2  1/2  0 
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aQ  is  the  chemical  potential  of  the  unperturbed  system  ( e  =  0 ) ,  i.  e. ,  the  ideal 
gas  value.  The  J  functions  are 
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Since  the  chemical  potential  depends  on  gflj ,  we  write  it  as  a  =  aQ  +  6a  and  now 
must  evaluate  6a  from 


.  m  .  5J  -V2(tVto)  +  3gn<ao  1 80 >  . 
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Clearly  when  /Jflj  is  very  small,  then  6a  becomes  proportional  to  and  higher- 
order  terms  may  be  neglected.  Thus  the  lowest-order  result  is 


6a 


mjiaQ) 

-- J-1/2<CV 

N - j - 


8/3J2j 
"  9N 


The  second  form  of  6a 

dN(a) 

Also  note  that  to  first  order  in  da  the  following  identity  holds  a)  =  - /3Fj{ aQ ) 
where  is  the  interaction  free  energy  ( ip  in  Siege rt's  work).  Consequently  one  sees 
that  the  quantity  dfJtp/d N  which  appears  in  the  variational  derivation  of  is  the 

first-order  shift  in  the  chemical  potential  away  from  the  ideal-gas  value  a^  . 


in  the  above  equation  follows  from 


_d_ 

da 


r_31/2<«> 


-  J-l/2(a) 
da  =  N — - 


da  . 


In  order  to  find  6a  more  accurately  than  the  above  first-order  result  one  must  solve 
at  least  a  quadratic  equation.  It  is  possible  to  do  this  without  too  much  difficulty  for 
the  non-degenerate  electron  gas.  In  the  limit  of  no  degeneracy  all  the  3  functions 
reduce  to  the  Boltzmann  form,  3m( a)  =  ea  ,  and  we  have 

a  exp  (a0  +  6a)  fia 
£  £  ® 

«0 

since  e  =  £  ,  ag  =  log  £ . 


Classical  Coulomb  interaction  effects  in  the  electron  gas  are  functions  of  the  dimension¬ 
less  parameter 

A  =  £2?  =  -  *  =  2  *l/2e3fl3/2nl/2  n  N 

*D  4*»»  6  "  '  1  "  '  V  ' 

In  the  grand  partition  function  the  corresponding  quantity  is  A  because  every¬ 

where  N  appears  it  should  be  replaced  with  N  e^a  . 
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The  Helmholtz  free  energy  is 


0F(p,0)  =  N Uan  -  1) 


.  [a  +  a!  / 

[3  12  \ 


log  3A  +  2c 


•T)]| 


to  order  .  This  includes  the  Debye-Huckel  term  and  the  small  A  form  of  the 
Abe  S2  integral.  The  thermodynamic  potential  to  the  same  order  of  accuracy  is 

pSl{a,p)  =  N  *s6<X  +  A  exp (|  6a)  +  — ^ —  [log  3A  exp(|  60)  +  2c  -  -y  + 1]|  . 
Note  that  0 flj  =  - 0Fj  only  to  0(A).  To  find  6a  one  must  solve 

N  =  fta  =  N  e6a+|Aexp(|6a)+^-^ —  [log  3A  exp (| 6a)  +  2c  -  ^  + 1  +  £]| 
or 

2 

1  =  1  +  6a  + 1 6a2  +  |  a(i  +  1 6a)  +  ^-  (log  3A  +  2c  -  -j^)  . 
o 

Solving  for  6a  to  order  A  gives 

50  -  -i-t(1o*3A  +  2c  -  «)• 

The  above  calculation  of  6a  was  carried  out  to  show  how  to  calculate  the  chemical 

potential  from  the  thermodynamic  potential  obtained  as  the  logarithm  of  the  grand 

partition  function.  Now  recall  from  thermodynamics  that  the  chemical  potential  is  the 

Gibbs'  free  energy  per  particle,  i.e. ,  G  s  E  -  TS  +  PV  =  Np  (our  a  is  0m)  »  and 

9F 

that  the  chemical  potential  is  obtained  from  the  Helmholtz  free  energy  as  M  =  gjj  • 

In  the  case  of  the  classical  electron  gas  we  have  the  result  for  the  Helmholtz  free 
energy  (it  is  easier  to  calculate  than  the  grand  potential  in  the  absence  of  quantum 

pAWWirinsr  Aitf  fko  HlffAfAnH (HvAA 

VUVVVW/i  VM*  A  VUV  V»»V  Q-  •  —  — 

ft90  a  a2  , 

«“  ‘TT  =  -|-t(1o«3A  +  2c-I) 
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in  agreement  with  the  earlier  result.  One  other  important  result  should  be  noted 
here.  In  the  absence  of  degeneracy  due  to  quantum  statistics  (  £  «  1  and  hence 
"  log  £  1b  large  and  negative)  we  find,  from  the  defining  relation  for  the  number 
of  particles  in  terms  of  the  grand  potential,  the  expression 

-6a  /  *$)  14.  4  3flni 

*  S  eXPl'  8N'  Nea“aa  3N<°>' 

Variational  Treatment  of  the  Multicomponent  Gas  (Siegert's  Method).  We  now  con¬ 
sider  a  gas  composed  of  nuclei  of  charge  Z  and  ZN^  electrons.  At  sufficiently 
low  temperature  this  gas  will  be  Ni  neutral  atoms,  and  at  sufficiently  high  tempera¬ 
ture  it  will  be  completely  ionized,  i.  e. ,  bare  nuclei  and  ZN^  free  electrons.  At 

intermediate  temperatures  every  ionic  species  is  possible;  there  will  be  n  free 

© 

electrons  and  n  ions  of  charge  z  (thus  Z  -  z  bound  electrons  on  this  ion).  These 
z 

numbers,  n&  and  nz ,  depend  on  temperature  and  density,  but  always  must  satisfy 
the  requirements 


1  \  ■  Ni 
z=0 

^  znz  =  ng  (electrical  neutrality) 
z  =  l 

Each  ion  of  charge  z  may  be  in  one  of  numerous  internal-energy  states  with  quantum 
numbers  which  will  be  denoted  collectively  as  J  .  Of  the  n  ions  with  charge  z 

Z  Z 

the  number  in  a  state  J  will  be  denoted  as  n  .  ,  and  thus  we  have 

z  z,Jz 


n 


z 


for  z  ranging  from  0  to  Z  -  1  (ions  of  charge  Z ,  bare  nuclei,  of  course  have  no 
internal  states).  The  energy  levels  are  denoted  as  e(z ,  3 z  ,  n^ ,  {nz} ) .  They  are 
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functions  of  the  number  of  various  kinds  of  charges  because  the  energy  levels  of  the 
ion  in  a  vacuum  |denoted  by  e°(  z,  )]  will  be  shifted  upward  due  to  screening  by 
other  charges  in  the  plasma.  If  one  assumes  that  the  least-bound  electron  on  an  ion 
of  charge  z  moves  in  Coulomb  field  of  charge  z+l  (nucleus  and  core  bound  elec¬ 
trons)  but  with  this  Coulomb  field  screened  according  to  the  Debye  prescription,  i.  e. , 

o 

the  effective  potential  is  -( z  +  1 )  ( e  /r )  exp  ( -r/Xp ) ,  then  the  energy  levels  will  be 
e(*.JI.ne.{nI})  -  e°(z, ^ )  +  (2  +  De2/^  +  fie  ,  nfi ,  {n^} )  where  the  vacuum 

levels  will  be  hydrogenic,  the  second  term  is  a  constant  energy  shift  upwards  for  all 
levels,  and  the  third  term  will  be  in  lowest  approximation 


«c  =  -(2  +  l)(e2/XD)  (r/O 


The  assumption  has  been  made  here  that  the  energy  of  the  level  is  measured  from  the 
vacuum  continuum  limit.  Actually,  however,  the  continuum  limit  for  electrons  is 
effectively  lowered  by  the  amount  -e  /A^  .  Thus  bound  levels  above  this  lowered- 
continuum  limit  [this  means  |  e(z ,  , ne, {n^} ) |  <  e2/^]  find  themselves  no  longer 

bound.  The  number  of  states  to  be  counted  as  bound  is  determined  by  the  condition  that 

e(I’VVK})  +  e2/>D  =  f°(l’V+  (<*  +  l)e2/r  -  ueH<r>)jl  +‘2/XD  <0- 
The  screened  Debye  potential  is  a  model  for  u^  r ) ,  and  not  necessarily  a  good  one. 

According  to  basic  ideas  of  statistical  mechanics  the  probability  of  a  given  partition 
of  the  total  energy,  i.e.,  nfi  free  electrons  and  the  set  {n^j^}  of  ions,  is 
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where  =  V(2mekT)*^  ,  Xj  =  ft/(  2m^kT  ,  bg(  /3 )  is  the  second  virial  coef¬ 
ficient,  and  n^  is  the  number  of  neutral  particles.  This  expression  is  essentially 
Siegert's  Eq.  (16),  (Ref.  4).  The  first  two  factors  are  the  translational  partition 
functions  of  electrons  and  ions  [Siegert  did  not  explicitly  put  in  the  translation  partition 
function  of  ions,  i.  e. ,  (v/xj*)^l  .  The  same  thermal  wavelength  Xj  may  be  used 
for  each  ion  because  of  the  smallness  of  the  electron  mass  compared  with  ionic  masses. 
8e  and  Sj  are  spins  of  electrons  and  ions.  In  the  exponential,  is  the  Coulombic 
free  energy  due  to  interaction  of  free  electrons  and  ions.  In  the  low  density  limit,  Fj 
is  just  the  Debye  result  (ring  integral  sum  for  point  charges) 


This  result  could  be  improved  by  treating  the  ions  as  extended  structures  (rather  than 
points)  by  describing  the  bound  electrons  with  some  kind  of  form  factor.  Also  it 
should  include  the  multicomponent  form  of  the  Abe  S2-integral.  The  terms  S2ee  and 
J>2zz  for  electron-electron  and  ion-ion  interaction  respectively  may  be  written  down 
immediately  in  their  classical-limit  form,  but  the  term  S2ez  for  electron-ion  inter¬ 
action  has  no  classical  limit  and  the  correct  quantum-mechanical  treatment  has  not 
yet  been  dependably  evaluated  even  in  the  low-density  limit.  At  this  point  it  is  not 
clear  how  to  combine  the  exact  but  unevaluated  theory  with  the  present  elementary 
approach.  The  reason  is  that  S2ez  includes  both  scattering  states  and  bound  states 
of  electrons  on  ion  of  charge  z .  Bound-state  energies,  however,  are  already  treated 
in  the  second  term  in  the  exponential.  The  third  term  is  the  free  energy  due  to  inter¬ 
action  among  the  neutral  atoms  ( z  =  0 ) ,  anu  is  approximated  with  the  second  virial 
coefficient. 

From  this  expression  for  W ,  we  wish  to  find  the  most  probable  partition  using  the 
method  of  Lagrange  multipliers.  Since  we  have  two  conditions  to  satisfy  -  fixed 
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number  of  nuclei  and  charge  neutrality  -  we  introduce  two  as  yet  undetermined  multi¬ 
pliers,  and  calculate  the  partition  for  which  the  quantity 


Z 

■C  =  log  W  +  a,  2  +  ajne  -  X>,) 

z  =  0 

is  stationary.  We  now  assume  that  &2fjz  =  nz,  Jz  +  ^nz,  Jz  where  the  variation 
<5nz>  jz  must  satisfy 

2  •  2  4,k =  0 

z.Jz  1  * 

«ne  =  J  **>*.,  -  £  Zl5nz  • 

M,  * 

Siegert  used  only  one  multiplier,  a  ^ ,  but  in  his  calculation  took  into  account  electri¬ 
cal  neutrality  by  replacing  <5n  with  Y  zdn  .  The  first  variation  of  -C  is 
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Assuming  the  coefficients  of  <5n  and  <5nz  j  to  be  zero  gives 
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The  equation  for  n*z> jz  contains  two  terms  not  present  in  Siegert’s  expression: 
namely,  the  term  containing  de/an  which  takes  into  account  the  density  dependence 
of  the  energy  levels  and  the  term  involving  the  second  virial  coefficient  for  interac¬ 
tion  between  neutral  atoms.  Note  that  the  log  V  term  can  be  written  as 


log 


(2se+  1)V 


log  n*  +  log 


(2e  +  l)*3/2(2m  kT)3/2 

V  0 

<n*/V)B3 


log  n*  +  log  —  =  log  n*  -  a 

e  ce  e 


eO 


where  =  log  is  the  chemical  potential  in  the  absence  of  interaction.  Thus, 
the  number  of  free  electrons  n*  and  the  occupation  numbers,  n$f  j:v  ,  may  be 
written  as 


( 2s  +  1  )*3/2V 
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Our  next  problem  is  to  determine  the  undetermined  multipliers  and  <*e .  We  first 
need  the  number  of  ions  of  charge  z  which  is 


=  S  n* 
L,  z,< 


(2s  +  l)ir3/2V 
z 


exp  l(Q'i  -  z«e)  - 


where 


-  »,(vM  -  0lnlj£; 


exp(-0tz)  =  %  exp  {«a>)]  . 


The  quantity  exp  ( -0f  )  is  the  internal  partition  function  of  the  ion  of  charge  z  ;  the 
sum  over  J£  is  to  be  cut  off  when  the  energy  levels  reach  the  lowered  continuum. 
Thus,  the  actual  number  of  levels  to  be  summed  in  the  calculation  of  the  internal  free 
energy,  f  ,  is  probably  in  most  cases  a  small  finite  number.  Presumably  a  more 
accurate  theory  must  take  into  account  the  broadening  of  these  bound  states  near  the 
lowered  continuum.  The  topmost  levels  may  be  so  broadened  that  they  overlap  and 
thus  not  contribute  as  bound  states.  At  the  present  time,  we  do  not  take  into  account 
this  effect. 


Let  us  look  at  the  occupation  number  formula,  ng,  jz ,  and  ask  how  to  recover 
Siegert's  result,  Eq.  (20),  (Ref.  4).  First  note  that  Siegert  does  not  have  the  factor 


(2sz+  1) 


*  l)*3/2> 


=  Ni(2sz  +  1)~  =  Ni(2sz  +  l)exp(-ai0) 
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since  he  left  the  Ion  translational  partition  function  out  of  hid  W .  Secondly,  note  that 
his  multiplicative  factor  involving  the  electron  translational  partition  function  may  be 
written  as 


1  exp(-*oe0)  . 


Thus  the  exact  chemical  potential,  at  ,  in  the  present  result  is  replaced  by  the  Meal 
gas  chemical  potential,  a ^ ,  in  his  result.  Now  note  that  the  formula  for  n*  may 
be  written  as 
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exp 
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Bfi  Fj 

“eO  "  ~dn~ 
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Actually,  Siegert  dees  not  lose  the  piece  80Fj/8ne  that  occurs  in  the  exact  result 
for  at  e  since,  in  his  formula,  the  partial  differentiation,  with  respect  to  n£  must  be 
interpreted  as 


(**i 

\ 


Siegert 


WY.  80F.  8n 
- L  + i - £ 

to„  to  9n 
z  e  z 


whet  -:  to  /On  =  z  since  n  =  Yzn_  .  In  the  present  formulas  the  partial  deriva- 
tives  have  the  usual  meaning,  i.  e. ,  differentiation  only  with  respect  to  the  stated 
variable.  Thus  in  the  end  Siegert  has  the  correct  result  for  nj^  j  except  for  the  ion 
translational  partition  function.  The  present  method  of  using  two  undetermined  multi¬ 
pliers  seems  preferable  because  it  is  ^lear  how  to  do  the  treatment  in  the  grand  parti¬ 
tion  function,  and  it  is  not  clear  in  Siegert ’s  method  where  only  one  multiplier,  ofj , 
ic  used. 
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Next  we  must  have  a  procedure  to  evaluate  a.  and  a  .  The  total  number  of  ruclei 

*  0 

Nj  is  supposed  to  determine  from  the  equation 

Nt  -  I  e0i  <2so +  »> e*p  f-o  -  2(tWs> 

V  f  8*FI  V  8c  1 

+  1  (28z +  1)exP  “*ae  “  -gr*  -  ^ z  -  air  * 

Z  =  1  Z  Jz  JI 


In  terms  of  a.,  and  a  n  the  above  equation  may  be  written  as 


Z 

1  =  expfaj  -  al0)  ^(2sz  +  l)exp  - 

z  =  0 


90F.  90F. 

zaeo  -  nsr  -  zsr- 

z  e 
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We  can  calculate  -  aJ0  («iQ  is  known  since  is  a  fixed  number)  as  soon  as  we 
have  Q'cq  ;  but  «e0  depends  on  the  number  of  free  electrons  Which  has  yet  to  be 
determined.  «e  and  hence  c*e0  is  determined  from  the  electrical  neutrality  condi¬ 
tion,  n*  =  zn*  =  IN. .  Here  z  is  the  average  ionic  charge  which  must  go  to 
zero  at  low  temperature  and  to  Z  at  high  temperature.  The  equation  for  z  is 


r’  /  80F.  90F.  \ 

^z(2sz  +  l)exp^z«e0  -  —  -  z-^-  -  0fz  -...j 


2sz  +  1)  exp  (- 


-...) 
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where 


a 


eO 


=  logte  =  log 


*3(2iyv) 


<2s  +  l)ir3/2(2mkT)3/2 
© 


Presumably  this  equation  is  solved  for  z  by  guessing  values  of  2 ,  calculating  the 
right-hand  side,  and  repeating  until  both  sides  of  the  equation  match.  Once  a  and 
a,  are  known  we  may  return  to  the  evaluation  of  the  occupation  number  formula, 
n*  T  • 

«J! 


Grand  Partition  Function  Approach  to  the  Multicomponent  System.  In  the  grand  parti¬ 
tion  function  one  allows  both  the  energy  and  the  number  of  particles  to  vary  in  a  fixed 
volume  V  and  at  a  temperature  T  .  One  calculates  the  average  energy  and  the  aver¬ 
age  number  of  particles  (not  the  most  probable  number  as  in  the  variational  approach). 
The  average  number  of  particles  is  equated  to  the  actual  number  in  the  system  and 
this  condition  gives  an  equation  for  the  chemical  potential  for  that  type  of  particle. 

In  our  multicomponent  gas  we  have  two  conditions,  fixed  number  of  nuclei  N,  and 
electrical  neutrality;  these  conditions  will  be  taken  care  of  by  introducing  the  chemi¬ 
cal  potentials  and  exactly  as  in  the  variational  method.  One  calculates 
and  -  %zHz  by  differentiating  the  grand  partition  function  with  respect  to  and 
<*e  respectively.  Strictly  speaking  we  cannot  get  the  occupation  numbers,  nz>  jz,  from 

the  grand  partition  function.  However,  it  turns  out  that  the  result  for  5  is  immedi- 

__  z 

ately  apparent  from  the  result  for  .  Furthermore  we  have  ample  reason  to  believe 
the  canonical  distribution  of  energy,  and  so  can  write  immediately 


exp  [-0f(*,JxW)l 
-Be 
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J 
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=  \  «*P  </Kz 


-  Be) 


Our  main  problem  is  the  determination  of  the  chemical  potentials,  and  to  this  end  we 
will  derive  formula  for  Nj  and  2  that  are  the  same  as  the  expressions  obtained  in 
the  previous  section  by  the  variational  method. 


108 


I  The  grand  canonical  partition  function,  assuming  classical  statistics  for  all  particles, 
1  is 


zG<&®i»ae>  = 


vv. 


exp[a^nz-t-ae(ne-;zn2)l  (2sz+l)ira 
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where  the  summations  over  ne  and  ^z,Jz  are  unrestricted.  In  the  end,  however, 
and  must  be  chosen  so  that  is  the  actual  number  of  nuclei  and  the  electrical 
neutrality  condition  is  satisfied,  ne  -  ]£sfiz  =  0 .  More  generally,  the  summations  in 
the  above  expression  represent  the  evaluation  of  the  trace  of  exp  a.Tn  +  a  ( n  - 
^znz )  -  /3H I  .  The  result  for  the  thermodynamic  potential  is 


0°  =  log  ZQ  =  fie 
where 


*^3/2^ae^  ^iV 
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Recall  that  both  fij  and  f2  are  functions  of  the  numbers  of  particles.  This  will  be 
expressed  as  a  dependence  on  the  chemical  potentials.  The  prescription  is 


XT  <28Z  +  X) 

n  =  IT.  — 5 - 

z  1  ti 


exp(at  -  zae  -  ptj 


(2s  +l)ir3/2V 
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We  are  allowing  for  the  possibility  that  the  electrons  are  sufficiently  dense  that  Fermi 
statistics  causes  degeneracy. 


The  result  for  is 


n  =  ssm  „  (v*l/2'  “ 
1  tai  l 


(28z  +  l)exp(-Z0!e  -  ^fz)(l  -  p-s£-nz 
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Similarly,  differentiation  with  respect  to  at  gives 
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From  these  two  equations  we  can  pick  out  the  expressions  for  fiz ,  fie ,  and  £zfiz  . 
Our  procedure  now  is  roughly  the  same  as  in  the  previous  section.  The  first  step 
is  to  solve  for  at  from  the  result  for  n_  ;  since  electron  degeneracy  is  allowed 
for,  this  step  is  more  complicated  than  in  the  previous  section,  t  is  proportional 
to  the  number  of  free  electrons,  and  consequently  the  second  step  is  to  write  down 
an  expression  for  2  so  that  we  can  calculate  the  number  of  free  electrons, 
ng  *  2Nj .  Finally,  on  knowing  we  can  return  to  the  expression  for  Nj  and 
solve  for  . 


The  expression  for  n.  (read  from  the  result  for  fi£  -  ?zn_ )  is 
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This  expression  defines  a  in  terms  of  £  ,  but  £  is  not  known  until  Z  is  deter- 
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mined.  Recall  that 


a  2a 

\/2^  ae  ^  =  c  575"  +  •  *  •  * 


Let  us  solve  for  e  at  least  to  order  t 
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In  the  limit  of  no  degeneracy  (so  that  the  £e  term  of  ot^  is  negligible  compared 
with  log  £  )  this  expression  for  a  is  identical  to  that  derived  in  the  previous 
section. 


For  the  second  step  of  our  calculations!  procedure  we  need  Z  which  is 


Z  80Q.) 
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This  is  the  central  result  of  the  grand  partition  function  method.  As  in  the  result  for 
z  in  the  previous  section  it  may  be  regarded  as  an  equation  for  z  of  the  form 
Z  =  f[a  ( z )] ,  and  coupled  with  the  equation  defining  a  in  terms  of  z  it  may  be 
solved  for  any  degree  of  electron  degeneracy.  It  was  not  clear  how  to  include  electron 
degeneracy  in  the  variational  result  for  Z .  The  next  question  is:  are  the  two  expres¬ 
sions  for  z  identical?  In  the  grand  partition  function  result  appears  linearly 
while  in  the  variational  result  Fj  appears  in  the  exponential.  In  fact,  the  two  results 
are  the  same  since  it  was  shown  previously  that 
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Finally  the  third  step  is  to  evaluate  from  the  expression  for  which  may  be 
written  as 


1  =  exp  -  o;i0)  £  (2sz  +  1)  exp  (-zoe  -  fitj 
z  =  0 

Once  <*e  and  are  evaluated  the  number  of  ions  of  charge  z  and  the  occupation 
numbers  of  various  states  may  be  found  from 
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In  order  to  compare  these  results  with  the  variational  results  note  also  that 
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Thus,  the  grand  partition  function  approach  reproduces  in  every  respect  the  results  of 
the  variational  approach.  Also  it  gives  a  prescription  for  inclusion  of  the  effects  of 
electron  degeneracy  at  high  density. 


Crude  Estimation  of  the  Chemical  Potential  Shifts.  Consider  again  the  occupation 
number  formula  for  a  non-degenerate  gas  as  obtained  from  the  variational  method 
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In  the  low-density  limit  0Fj  is  the  Debye  result: 


+  »e)  •  £  ’  [4^e2(Zl2»*  +  ne)] 
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and  the  resulting  shift  in  the  chemical  potentials  .s  found  to  be 


80F.)  80F.) 
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The  question  now  is,  how  does  the  shift  due  to  the  dependence  of  the  energy  levels  on 
charged-particle  density  compare  with  the  above  results  ?  As  sume  that  we  have  decided 
how  many  levels  are  to  go  into  the  calculation  of  f  either  by  taking  the  last  one 
under  the  lowered  continuum  or  perhaps  the  last  distinct  line  before  broadening 
merges  the  remaining  upper  levels.  Suppose  further  that  we  can  calculate  these 
levels  by  solving  the  Schroedinger  equation  with  the  screened  Debye  potential, 

( z  +  1 )( e /r )  e  1 .  Suppose  further  that  the  resulting  energy  levels  may  be 
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written  as  an  expansion  in  powers  of  ( a^/X^ )/( z  +  1 )  since  the  Bohr  radius  for  the 
core  charge  z  +  1  is  aQ/(  z  +  1 ) 


2  e2a  e2a2 

+  (I  +  1)^-au.Jz-X  +  Vj,T" 


where  the  coefficients  &nzfjz  are  numbers  to  be  calculated  from  the  multipole 
matrix  elements,  (rn / .  Presumably  if  these  energy  levels  are  fed  into  the  cal¬ 
culation  of  f  then  f  could  also  be  written  as  such  an  expansion 
z  z 
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Then  the  terms  in  the  chemical  potential  shifts  depending  on  the  energy  levels  would  be 
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If  the  presumed  expansion  of  f  exists,  then  we  can  conclude  that  at  low  density,  for 

z 

which  aQ  «  Xp ,  then  only  the  first  term  of  the  energy  shift  should  be  sufficient,  and 
the  above  result  would  be 
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It  shears  that  this  result  could  be  of  the  same  order  as  the  shift  obtained  from  the 
Debye  free  energy.  Certainly  the  effect  should  be  investigated  before  much  effort  is 
put  into  using  approximations  to  the  Abe  S-term  to  improve  the  Coulomb  free  energy. 
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A.  2  EQUATION  OF  STATE  OF  A  MULTICOMPONENT  PLASMA  AT  HIGH 
TEMPERATURE 


The  purpose  of  this  section  is  to  set  forth  what  is  known  at  present  about  .he  free 
energy  of  a  multicomponent  plasma  at  high  temperature  and  low  density.  In  this  limit 
the  Debye -Hilckel  term  with  quantum-mechanical  diffraction  corrections  is  the  domi¬ 
nant  Coulomb  interaction  contribution,  namely  0(p1//2 ) .  The  next  term  beyond  the 
Debye-Httckel  free  energy  is  0(p  log  p ) ,  and  is  the  main  concern  here. 

For  simplicity,  we  begin  with  a  discussion  of  a  one-component  plasma  -  the  electron 
gas  in  a  smeared-out  positive  background  to  maintain  electrical  neutrality.  In  such  a 
plasma  there  are  three  fundamental  lengths  which  suffice  to  describe  the  system: 

o 

Distance  of  closest  approach  -  l  -  fie 

c 


Thermal  deBroglie  wavelength  -  X  =  fi/2m)^^ 

Debye  screening  length  -  X^  =  ( 4  *0e2p 

The  three  possible  ratios  of  these  lengths  give  the  dimensionless  parameters  which 
are  useful  for  writing  down  formulas  for  the  free  energy: 

Classical  plasma  parameter  -  A  =  ~  =  — *  2ir1^2e303^2p1^2 

Quantum  diffraction  parameter  -  y  -  ~  -  (2x)^/^21ie/3pi^2m“1^2 

aD 

Wigner-Kirkwood  expansion  parameter  -  V  ~  ~  ^  -  2”  1/^2'Re”2/3~1^2m~1^2 


At  high  temperature  the  three  lengths  are  ordered  as  I  <  X  «  Xp  and  hence  the 
dimensionless  parameters  satisfy  A  <  y  <  1 ,  rj  >  1 .  This  is  the  limit  in  which 
we  wish  to  give  a  correct  result  for  the  multicomponent  free  energy.  High  tempera¬ 
ture  here  means  kT  >  Ry  ;  when  this  is  true  then  the  thermal  wavelength  is  greater 
than  the  distance  of  closest  approach,  and  consequently  quantum»mechanical  diffrac¬ 
tion  effects  must  have  some  residual  importance. 
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With  the  work  of  Meeron  and  Abe  it  is  now  possible  to  evaluate  the  free  energy  of  a 
low-density  classical  electron  gas.  The  word  classical  means  ii  =  0 .  Also  with  the 
help  of  the  Wigner-Kirkwood  expansion  one  may  evaluate  small  quantum  corrections 
to  the  classical  free  energy  due  to  the  uncertainty  principle.  For  the  Coulomb  poten¬ 
tial  the  Wigner-Kirkwood  expansion  parameter  is  i)  as  defined  above.  This  parameter 
becomes  large  at  high  temperature,  and  consequently  the  WK  expansion  for  the 
Coulomb  potential  can  only  be  valid  in  the  low-temperature  limit  (when  rj  <  1 ) .  This 
situation  contrasts  with  the  WK  expansion  applied  to  ordinary  non-ideal  gases  with 
say  a  Lennard-Jones  interaction  where  the  WK  expansion’*'  parameter  becomes  small 
at  high  temperature.  The  result  for  the  electron-gas  free  energy  in  the  low- 
temperature  regime  is 

0(  F  -  F« )  .  *2  „  o 

- — JL  =  -  $  -  35  (logA  +  Dj)  ...  +  a^tT)  (A.l) 

f(H2)  -  ~  12  +  60  +  63  * '  ’ ' 

For  this  result  to  be  valid  as  written  the  fundamental  lengths  are  ordered  as 
K  <  t c  c  Ajj  and  the  dimensionless  parameters  as  y  <  A  <  1 ,  77  <  1  (kT  <  1  ryd- 
berg ) .  One  may  ask  whether  this  limit  makes  any  sense  because  for  real  electrons 
Fermi  statistics  must  be  considered  at  low  temperatures.  We  will  avoid  for  the  time 
being  any  modification  due  to  quantum  statistics  by  the  device  of  giving  the  electrons 
a  spin  s  which  may  be  large.  The  gas  remains  non-degenerate,  i.  e. ,  with  a  nearly 

Q 

Maxwellian  velocity  distribution  as  long  as  £  =  pX/(  2s  +1)  «  1 .  The  gas  is  par¬ 
tially  degenerate  when  £  ~  1  and  very  degenerate  when  £  »  1 . 

The  function  f(rj^)  in  Eq.  (A.  1)  represents  the  sum  of  the  entire  WK  series  of 
which  only  the  first  three  terms  have  been  calculated  (and  it  is  unlikely  that  anymore 
will  ever  be  evaluated  because  of  the  extreme  complexity).  Obviously  this  series 
expansion  is  only  useful  when  17  is  small,  but  in  the  interesting  high-temperature 
limit  we  observed  that  r\  becomes  large.  Consequently  instead  of  the  WK  series 


*The  WK  expansion  for  various  potentials  has  been  discussed  by  the  author: 
J.  Math.  Phys.  3,  1003  (1962). 
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we  must  have  the  asymptotic  form  of  the  function  f(  17  )  valid  when  17  »  1 .  In  fact 
this  asymptotic  result  must  be 


k  '  1 

{(V ^^772  *  "  12logTI-‘** 


(A.  2) 


This  asymptotic  form  used  in  Eq.  (A.  1)  gives  the  high-temperature  free  energy  as 


*F  -  V  A  /.  3r1/2 

n  '  3  y 


(  3r1/2  \  A2 

(l  -  y"‘)  ‘  12  (log  y  +  D2) 
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valid  when  f  c  <  K«  \D,  i.  e. ,  A  <  y  <1  and  17  >  1.  The  asymptotic  form  of 
f(n2 )  as  given  by  Eq.  (A.  2)  has  been  arrived  at  in  a  round-about  fashion,  though  it 
is  hoped  that  it  will  soon  be  possible  to  verify  it  by  direct  calculation.  The  diffrac¬ 
tion  corrections  contained  in  the  parentheses  multiplying  the  classical  Debye  term 
in  Eq.  (A.  3)  were  calculated  in  an  article*  by  the  author,  however  it  was  not  made 
clear  that  the  result  was  valid  only  when  y  >  A ,  i.  e. ,  when  rj  >  1 .  The  log  y 
term  in  Eq.  (A.  3)  is  the  main  point  of  interest. 

Simple  perturbation  theory  is  helpful  in  understanding  both  Eqs.  (A.  1)  and  (A.  3).  In 
first  order  the  direct  interaction  is 


1st  =  pe 


2 

4irr  dr 


K) 


or  9e2)L2 


where  L  is  the  length  of  a  side  of  the  container.  Thus  first-order  perturbation 
theory  gives  a  quadratic  divergence,  but  the  term  is  multiplied  by  (Pe  + 
which  must  equal  zero  for  electrical  neutrality.  The  second-order  term  has  a  linear 
divergence 


2nd  =  p2  J  4irr2  dr 


p*<0e2)2L. 


*J.  Math.  Phy».  3,  1216  (1962). 


This  divergence  is  removed  by  summing  the  ring  diagrams  which  has  the  effect  of 
introducing  Debye  screening,  so  that  L  in  the  above  expression  becomes  \D .  The 
point  is  that  the  familiar  Debye-HUckel  free  energy  is  really  little  more  than  a  second- 
order  perturbation  result.  In  third  order  we  have  a  logarithmic  divergence  both  for 
long  and  short  distances 


3rd 


QC 


L 

max 

.  m  m  ■  —  • 
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min 


By  summing  chains  of  Coulomb  interactions  one  again  introduces  Debye  screening 

which  has  the  effect  of  making  Lmax  into  ^ .  The  divergence  at  short  distances  in 

the  classical  gas  can  be  cut  off  only  by  summing  perturbation  theory  for  two-body 

interactions  to  all  orders.  When  this  is  done  the  lower  cut  off  £  .  becomes  the 

2  min 

distance  of  closest  approach  £.  =  .  These  two  operations  are  described  nicely  by 

Abe.*  Thus  one  finds  the  term  with  log  X^/^e  =  -log  A  in  Eq.  (A.  1). 

9 

For  the  high-temperature  limit  of  the  electron  gas  with  h  *  0 ,  i.e. ,  /te*"  <  X,  the 
above  discussion  of  simple  perturbation  theory  becomes  different  in  the  third  order 


3rd 


*  p\{^2)  “  ■  a2  l0g  y 


and  the  nth- order  term  is 


nth 


2  2  n 

Pe(0e) 
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oc 


A11'1 

n-3 
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which  is  negligible  compared  with  third  order  since  we  are  specifying  the  high-tempera¬ 
ture  limit  in  which  y  >  A .  In  a  certain  sense  the  quantum  mechanical  result  given  in 
Eq.  (A.  3)  is  simpler  than  the  classical  result  in  Eq.  (A.  1)  because  the  logarithm  in 
Eq.  (A.  3)  comes  from  only  third-order  perturbation  theory  while  the  logarithm  in 
Eq.  (A.  1)  requires  perturbation  theory  to  infinite  order. 


♦Prog.  Theo.  Phys.  22,  213  (1959). 
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It  should  be  noted  here  that  the  constant  in  Eq.  (A.  1)  is  known,  namely 
=  log  3  +  2c  -  11/6 ,  while  Dg  in  Eq.  (A.  3)  is  not  known  yet. 

In  addition  to  Eq.  (A.  3)  there  are  also  exchange  corrections  in  the  high-temperature 
limit: 
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1.  2  TT1^2  log  2 

2y  '  „5/2 


yA  +  D.A 
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28+1 


1/2 


3  k  '  log  2  A  .  /A  \ 
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First-,  second-,  and  third-order  exchange  interactions  are  described  above.  The 
constant  has  not  yet  been  evaluated. 


We  may  now  write  down  the  result  for  the  free  energy  of  the  multicomponent  placma 

for  high  temperature  using  the  previous  considerations.  In  a  two-component  plasma 

there  is  an  additional  parameter,  namely  the  electron-to-ion  mass  ratio,  m  /m. . 

There  will  now  be  three  de  Broglie  wavelengths  to  be  considered,  namely  for  electron- 

electron  interaction,  electron-ion  interaction,  and  ion-ion  interaction.  In  a  real 

plasma  the  ion  mass  is  2000  times  the  electron  mass  or  more,  and  this  fact  has  an 

interesting  effect  on  the  logarithmic  term  in  the  free  energy.  In  the  temperature 

region  defined  by  1  rydberg  <  kT  <  ( m./m  )  rydberg ,  the  lengths  of  the  two-compo- 

1  6 

nent  system  are  ordered  as 


*ei  -  nt>/2nei)1/2 

’hi  K  lc<  *ee  “  *ei  *  *D  > 

"ei  =  meml/(me  +  ml) 

Consequently  the  cutoffs  of  the  logarithmic  divergencies  for  the  electron-electron  and 
the  electron-ion  interactions  are  ,  *ee  and  ,*ei  respectively,  while  the  cut¬ 
offs  for  the  ion-ion  interaction  are  like  the  Abe  result  in  Eq.  (A.  1),  namely  . 

Thus  the  result  for  the  free  energy  is 

0<F-FO>  A  A2 
N  “  3  ‘  12 
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where  P  "  Pe  +  *  *e  =  pg/p  ♦  fj  =  Pj/p  .  Here  zi  is  the  charge  number  of  the 

ion.  In  Eq.  (A.  4)  diffraction  and  exchange  corrections  were  not  written,  because  we 
are  looking  mainly  at  the  logarithm  terms.  Note  that  if  the  temperature  is 
kT  >  ( mi/me )  Ry  then  the  ion-ion  interaction  term  would  become  log  . 

Also  if  the  electrons  and  ions  have  equal  and  opposite  charge  and  the  same  mass,  the 
logarithms  in  Eq.  (A.  4)  would  all  be  equal  and  the  bracket  would  be  multiplied  by  0. 
(This  statement  applies  to  ionized  positronium.')  For  real  ionized  gases,  however, 
the  above  result  depends  very  much  on  the  electron  and  ion  masses. 

This  result,  Eq.  (A.  4),  is  obtainable  from  simple  arguments  because  the  gas  at  high 
enough  temperature  is  fully  ionized,  and  further  third-order  perturbation  theory 
suffices  because  the  thermal  wavelength  is  greater  than  the  distance  of  closest 
approach.  When  these  conditions  are  not  fulfilled  then  the  problem  is  vastly  more 
difficult  since  the  electron-ion  interaction  includes  the  possibility  of  bound  states. 
Thus  Eq.  (A.  4)  is  probably  useful  for  a  hydrogen  plasma  above  say  13  eV.  The  use¬ 
fulness  of  the  result  is  further  somewhat  limited  by  the  fact  that  the  constant  terms 
D2  and  Dg  for  the  exchange  contribution  are  not  yet  known.  Nevertheless,  Eq.  (A.  4) 
as  written  (and  with  the  known  constant  )  probably  gives  a  good  estimate  of  the 
free  energy  down  to  say  about  7  eV. 

It  is  easy  to  use  Eq.  (A.  4)  to  obtain  a  result  for  the  average  potential  around  a  par¬ 
ticular  charge  a  according  to  the  method  described  in  the  next  section.  The  result  is 
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A.  3  AVERAGE  POTENTIAL  AND  POTENTIAL  FLUCTUATIONS  OF  A  PARTICLE 
IN  A  PLASMA 


In  this  section  a  standard  procedure  in  statistical  mechanics  is  used  to  derive  expres¬ 
sions  for  the  average  potential  of  a  particle  in  an  equilibrium  plasma  and  for  the  root- 
mean-square  fluctuations  around  the  average  potential.  The  method  requires  only  one 
and  two  differentiations  of  the  free  energy,  i.  e. ,  the  logarithm  of  the  partition  func¬ 
tion, of  the  plasma.  Thus  the  results  depend  entirely  on  accuracy  of  the  evaluation  of 
the  free  energy.  Explicit  results  for  the  average  potential  and  the  fluctuations  have 
been  obtained  for  the  one -component  plasma,  i.  e. ,  the  electron  gas,  by  Bohm  and 
Pines.  The  end  result  in  this  section  is  a  more  satisfactory  derivation  of  the  Bohm 
and  Pines  expression  for  the  potential  expression  extended  to  the  multicomponent 
plasma.  Since  the  Debye-HUckel  plasma  free  energy  is  equivalent  to  the  Bohm-Pines 
random  phase  approximation,  we  know  that  the  resulting  expressions  for  average 
potential  and  potential  fluctuations  are  valid  in  the  low-density  and  high-temperature 
limit. 

Let  us  first  consider  the  derivation  of  the  total  potential  energy  of  a  plasma,  U ,  and 
4  —o 

the  fluctuation,  U  -  U  .  Our  system  is  a  box  of  volume  V  containing  N  elec- 
trons  of  charge  zfie  and  N^  ions  of  charge  z.e  all  at  temperature  p  -  1/kT . 
Electrical  neutrality  requires  zfiNe  +  z^N^  =  0 .  The  partition  function  is 

Z  s  exp{-0[Fo  +  Fj(g)]}  =  Tr  exp  [-/3(H0  +  gU» 


where  g  is  a  dummy  dimensionless  number  which  is  set  equal  to  1  at  the  end,  and 
Fj  is  the  interaction  free  energy.  Hq  is  the  sum  of  particle  kinetic  energies  and  FQ 


is  the  resulting  free  energy  which  gives  the  ideal  gas  laws.  Differentiation  with 
respect  to  g  gives 
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The  Debye-Htlckel  plasma  free  energy  with  e  replaced  by  ge  is 
-  1/3  NAg3^2  where 
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N  =  Ne  +  Nt  ,  p  =  ^ 


A  = 


4npX^ 


-  2,1/2e3@3/2p1/2<z2> 
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Differentiating  this  free-energy  expression  with  respect  to  g  gives 
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The  plasma  interaction  parameter  A  may  be  rewritten  as 


A  =  =  4ire4/?2pAD<z2)' 


122 


(0U)2]  . 
0Fj(g)  = 


and  consequently  the  potential  energy  and  the  fluctuation  become 


U2  -  U2  =  ^  N47re4XDp<z2)2 

where  the  fluctuation  has  been  written  in  a  form  similar  to  the  Bohm-Pines  results. 


The  average  energy  of  any  single  particle  in  the  plasma  and  its  fluctuation  is  obtained 
in  a  similar  manner.  If  the  potential  energy  is 


U 


i  ^  Yle 


where  the  indices  j  and  I  run  over  every  particle  in  the  plasma,  electrons  and 
protons,  then  statistical  averages  are  obtained  by  differentiating  with  respect  to  the 
charge  number  zQ  of  particle  a  .  Thus,  we  find 
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Similarly 
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dz 


^  ‘  -  [(^W)  -  <*»«  **»«.>]  • 


If  the  Debye -Hllckel  free  energy  is  written  as 


ftt  -  -l2,1/2eV/2r1/2(^) 


3/2 


Then  the  indicated  differentiations  are  easily  carried  out  to  obtain 


or 
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-|2.1/2eV/2V'1/2)z([ 
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This  is  an  important  result.  It  s:  that  a  particle  of  charge  z^e  even  with  no 
kinetic  energy  has  a  negative  potential  energy  amounting  to  ( zae)f  Xp  .  For  an  elec¬ 
tron  (  l  -  - 1 )  this  is  the  amount  by  which  the  continuum  is  effectively  lowered, 
i.  e. ,  bound  electrons  in  an  atom  are  effectively  unbound  when  the  binding  energy  is 

o  M  —  — 

less  than  e  /Xp  .  The  particle  ot  feels  a  potential  <f>a  defined  by  Ua  =  (zae)<t>a 
which  to  4>a  =  "  z^e/Xjj  .  Note  that  this  is  not  a  constant  potential  for  each  particle. 
Both  $a  and  depend  on  the  charge  z^e  because  the  potential  and  resulting 
potential  energy  are  caused  by  a  polarization  of  the  plasma  in  the  neighborhood  of  a  . 
Thus  like  charges  are  repelled  and  unlike  charges  attracted. 

If  we  sum  Ua  over  all  a  we  get  twice  the  actual  total  potential  energy  of  the  plasma 
because  each  interacting  pair  of  particles  is  counted  twice.  Thus,  £  =  2U .  Our 

expressions  for  Ua  and  U  satisfy  this  requirement. 
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Similarly  the  fluctuation  in  UQ  is 


(0Va  f  -  (3Ua)2  = 
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The  first  term  of  this  result  is  of  order  Nu  and  hence  interesting;  the  second  term 
is  of  order  l/N  and  hence  negligible.  For  completeness,  however,  one  should  note 
that  the  correlation  between  and  U^t  ( a  and  a*  being  different  particles)  is 


e\vc'  -  f>\vc’  • 


za  za»  dz  dz  , 
a  a’ 


2  2 
z  z 
a  a 


2  2 

zaV 


(S*j2)  <*2> 


Finally  to  establish  a  relation  between  the  fluctuation  in  and  the  fluctuation  in  U, 
we  note  that 


2(<*V2  -  <*v2]+  2  2  -  A,"*.]  -  na 
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which  is  correct  since  the  relation  between  the  fluctuation  in  U  and  Ua  is 
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If  we  ignore  the  term  of  order  l/N ,  the  fluctuation  in  U  may  be  written  as 

=  4*e  \qP<$  )za  =  4ffzae  ^(ZgPg  +  zi^i/  *  ^is  expression  is  the  correct 
multicomponent  generalization  of  the  Bohm-Pines  result  for  the  fluctuation.  It  is  valid 
for  high  temperature  and  low  density  since  it  was  derived  from  the  Debye-KUckel  result 
for  the  free  energy  which  in  turn  is  valid  when  A  «  1 .  It  may  be  improved  by  includ¬ 
ing  in  the  free  energy  the  next-order  term  which  is  the  multicomponent  form  of  the  Abe 
S2~integral.  For  point  electrons  and  ions  the  classical  form  of  S2  is  divergent,  and 
consequently  a  quantum-mechanical  treatment  is  required.  Although  the  correct  quan¬ 
tum  form  of  S„  has  yet  to  be  evaluated  exactly,  it  seems  clear  that  at  low  density 
*  2 

( A  «  1)  that  the  limiting  form  is  of  the  order  A  log  A  .  For  the  one-component  gas 
for  which  the  correct  form  of  S2  is  known  (since  it  is  classical)  one  may  estimate 
quite  well  the  error  in  neglecting  S2  for  small  values  of  A  .  It  seems  that  the 
expressions  for  UQ  and  should  be  correct  to  a  few  percent  for  A  ~  0.3. 


It  should  be  noted  that  the  fluctuation  in  U  becomes  arbitrarily  large  in  the  limit  of 

a  l/2 

high  temperature  since  Ap  goes  to  00  as  (kT)  .  Physically  this  means  that  the 
potential  felt  by  any  one  particle  in  the  plasma  changes  violently  as  other  plasma  par¬ 
ticles  pass  by  at  high  velocities.  As  we  go  to  lower  temperatures  and  higher  densi¬ 
ties  two  effects  will  begin  to  change  the  previous  results  for  and  -  U  2  . 
First,  the  electrons  begin  to  be  slightly  degenerate  because  they  obey  Fermi  statis¬ 
tics.  This  means  that  low-energy  electrons  cannot  so  easily  change  their  energy 
state,  and  thus  contribute  less  to  the  screening  effect.  The  ions  may  always  be 
treated  according  to  classical  Boltzmann  statistics  because  of  their  large  mass. 
Secondly,  the  electrons  are  no  longer  strictly  points  but  are  wave  packets  with  exten- 
sion  of  roughly  the  thermal  deBroglie  wavelength,  X  =  ft/(  2mkT )  .  The  interac¬ 

tion  of  the  wave  packets  causes  quantum-mechanical  diffraction  effects  in  the  free 
energy  which  are  of  the  order  of  Ay  where  y  =  A/Ajj  .  As  we  will  now  show  both 
effects  tend  to  reduce  U0  and  -  IJ2  fr0m  our  previous  results  (the  particle  a 
is  now  an  electron).  The  Debye-HUckel  free  energy  for  a  multicomponent  plasma 
with  lowest  order  corrections  for  Fermi  statistics  and  wave  mechanics  is 
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where 
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The  quantity  0  is  a  measure  of  the  extent  to  which  degenerate  electrons  are  frozen  at  the 

bottom  of  the  Fermi  distribution  and  prevented  from  taking  part  in  the  screening.  Thus 

the  effective  electronic  charge  for  screening  changes  from  e  to  0  e .  At  high  temper- 

© 

ature  0  goes  to  1  (the  Maxwell-Boitzmann  value),  and  as  T  —  0  then  0  also  goes 
©  © 

to  0 .  If  we  now  carry  out  the  differentiation  of  0Fj  with  respect  to  the  charge  of  one 
electron,  then  the  results  for  and  -  U2  are 
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Thus  electron  degeneracy  reduces  the  results  by  the  factor  02  ,  and  wave-mechani- 

© 

cal  diffraction  by  the  multiplicative  factor  in  the  braces.  Of  these  two  effects  diffrac¬ 
tion  is  certainly  the  more  important  near  the  classical  limit.  To  see  this  fact  one 

notes  that  generally  y  is  greater  than  A .  The  statistics  factor  02  is  approxi- 

®  3/2  ® 

mately  equal  to  1  -  C/2  where 
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Thus  even  though  t  may  be  very  small  (hence  very  little  degeneracy),  the  diffraction 

6 

correction  may  still  be  significant. 


Consider  now  any  solid  material  with, say, nuclear  charge  Z  .  If  the  material  is  com¬ 
pressed  then  the  outermost  least-bound  electrons  are  squeezed  into  the  continuum. 

In  ordinary  metals  at  room  temperature  this  pressure  ionization  has  already  occurred 
without  compression,  i.  e. ,  each  metal  atom  has  lost  on  the  average  one  electron 
which  circulates  freely  through  the  metal.  Since  solid  densities  are  assumed  the 
electron  gas  is  very  degenerate;  this  means  that  kT  «  where  is  the  Fermi 
energy.  Furthermore  since  the  ions  are  bound  in  a  lattice  at  all  stages  of  compres¬ 
sion  (unless  the  temperature  is  hot  enough  to  melt  the  lattice),  we  have  a  one-compo¬ 
nent  plasma  of  electrons  with  nearly  stationary  ions  forming  the  neutralizing  positive 
background.  The  free  energy  of  such  an  electron  gas  is  known  to  be 
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Hence 


<P 


since  electronic  charge  is  z.  =  1.  This  expansion  in  <p  is  valid  at  high  density.  In 

J  1  Q  o  a 

terms  of  the  usual  parameter  rs  =  rQ/a0  where  p  =  ( 4ir/3  )rQ  and  aQ  =  H  / me c  , 
the  expansion  is  thought  to  be  valid  for  r  <  l(<p  ~  0. 7r ) .  In  ordinary  metals  r 
ranges  from  2  to  5.  Assuming  that  our  material  is  compressed  sufficiently  that 
r  <  1  for  the  free  electrons,  one  sees  that  the  first-order  exchange  energy  is  the 
dominant  contribution  to  the  potential  energy.  In  what  follows  we  consider  this  to  be 
the  case.  The  average  potential  felt  by  any  one  electron  is  easily  found  to  be 
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2  P  e  P 

3  4  me  __F  =  3  F 

4  *  -fiPp  2m  ”  2ir 


Since 


we  have 


_  3  /Qjrx^ 

U.  =  ~  * 

a  ck  \  *  / 


1/3 


3(3  if)  .2  1/3 

— ?rr —  e  p_ 

All  c 


1.48  eV/3 
e 
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This  result  is  extremely  similar  to  the  result  from  the  ion-sphere  theory  even  to  the 
numerical  coefficient.  Presumably  bound  electrons  will  go  into  the  continuum  when 

their  binding  energy  is  less  than  the  magnitude  of  U .  The  last  electron  is  bound  with 

o 

an  energy  of  -  Z  rydbergs.  So  presumably  the  material  becomes  completely  pres¬ 
sure  ionized  when  Ua  =  - Z2  Ry  or  1.48e2(ZNi/v)l/3  =  Z213.6eV,  (k{/v)1/3  = 
Z^/30.55  x  10+8  cm-1  .  Hence  a  nuclear  spacing  of  £ .  =  (N./v)”1^3  =  1.  82  x 

10  Z"  /0cm.  In  terms  of  r  for  electrons  this  means  r  =  2.03/Z  .  Thus 

s  s 

hydrogen  becomes  a  metal  at  a  density  of  N./N  =  (0. 55  x  10“®)3  =  0. 166  x  1024 

-3  1 

(atoms  cm  ). 


c 


130 


Appendix  B 

COMPUTER  CODE  MTJLTIPLET 


A  brief  description  of  the  code  MULTIPLKT  and  the  usage  thereof  is  contained  in  this 
appendix.  Input-output  information  is  provided  in  Sec.  B.  1.  Section  B.  2  lists  the 
FORTRAN  parameters  used  by  the  code,  their  definitions,  and  their  dimensions. 
Section  B.  3  provides  a  brief  description  of  each  subroutine  of  the  code,  and  a  list  of 
the  complete  source  program  constitutes  Sec.  B.  4. 

B.l  INPUT-OUTPUT 


A.  Data  Cards  are  read  in  the  following  order  (FORTRAN  FORMAT  in  parentheses). 

1.  Card  1  —  NTAG,  (1 10):  NTAG  *  0,  Generate  LINE  ATLAS  and  calculate 

Planck  mean. 

NTAG  *  1,  Calculate  Planck  mean  from  previously 
calculated  LINE  ATLAS  on  Tape  Unit  A5. 

NTAG  *  2,  Rosseland  calculation  (see  Appendix  D. ) 

2.  Card  2  -  (Included  only  if  NTAG  *  0). 

NCASE,  (1 10 ):  Number  of  atomic  data  cards 
ALPHAO,  (E  10.8):  Minimum  occupation  aQ. 

3.  Card  3” NCASE  Atomic  Data  Cards -(Included  only  if  NTAG  *  0).  One  card 

per  atomic  state: 

i,  (12)  \ 

%  (12)  I 

(j2)  (  Identification  of  atomic  state 

t  ni\  (  (see  eud  of  Sec.  2). 

-*  \~ - 1  i 

2S  +  1,  (II)  J 

L,(I1)  / 
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fi,  (II): 

E,  (E10.8): 


Temperature  index 

Energy  of  the  atomic  state  in  eV  relative 
to  the  ground  state  of  the  neutral  atom  of 
the  species 

ALPHA(  J),  ( 6E8. 6 ):  Occupation  numbers  of  the  state  at  the 

six  densities  (J  =  1,  6) 

4.  Card  4  -  ABSMIN,  (E20. 8):  Factor  for  minimum  line  strength  accumu¬ 

lated  in  tabulated  absorption  coefficients 

TEMP,  (E20.8):  Temperature  (eV) 

NENGY,  (110):  Number  of  different  tables  of  the  accumu¬ 

lated  absorption  coefficient 

3 

5.  Card  5  -  DENS  ( 1,  J),  Ion  densities  (particles/cm  )  at  the 

( 6E12. 6 ) :  6  densities  (J  »  1,  6) 

3 

6.  Card  6  -  DENS  (2,  J),  Electron  densities  (particles/cm  )  at  the 

(6E12. 6):  6  densities  (J  =  1,  0) 

7.  Cards  7 - 15  -  PSI2,  (8F5. 4)  \  Data  {or  Voigt  profile  (listed  in 

PSI1,  (17F4. 1)  ^  R4) 

PSI,  (17F4.4)  ( 

(8  cards)  I 

8.  NENGY  Energy  spectrum  cards  -  One  card  for  each  table  of  the  accumulated 
absorption  coefficient 

NOMEGA,  (110):  N^  <  2000  \ 

OMEGAO,  (E20.  8):  wq  )  (see  end  of  Sec.  4) 

DOMEGA,  (E20.8):  Aw  J 

B.  The  systems  input  tape  is  Tape  5;  the  systems  output  tape  is  Tape  6.  Tapes  16 
( = A6 )  and  25  ( =  B5 )  are  used  as  scratch  tapes  for  storage  of  intermediate 
results. 
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Tape  26  (  =  B6)  contains  tables  of  atomic  data  necessary  for  the  LINE  ATLAS 
calculation  (in  three  files). 

o 

First  file.  HFS  radial  integrals  cr  in  three  tables: 

ASLATE  (28  x  36  x  2) 

BSLATE  (28  x  7  x  36) 

CSLATE  (24  x  36) 

Second  file.  Hydrogenic  f -numbers  in  two  tables: 

A  (8  x  8  x  16) 

B  (8  x  8  x  16) 

Third  file. 

•  Shell-averaged  hydrogenic  f-numbers: 

FSHELL  (8,  8) 

•  Series-limit  Information  for  line  broadening  calculation: 

SERUM  (11  x  12  x  2) 

Tape  15  (*A5)  contains  the  final  results  of  the  calculation:  the  LINE  ATLAS 
and  the  table  of  the  accumulated  absorption  coefficients  for  broad  lines  at 
each  of  the  six  densities  -  NENGY  tables,  one  for  each  card  [N^ ,  ^  Auj 
read.  The  arrangement  of  these  data  on  the  tape  follows. 


First  File.  The  LINE  ATLAS 


•  First  Record  -  LTOT:  Total  number  of  lines  in  LINE  ATLAS. 


NCASE:  See  Data  Card  2 
ALPHAO:  See  Data  Card  2 


1BETA:  Temperature  index 


•  For  each  of  the  LTOT  lines  there  is  one  record  (written  by  subroutine 
ATLAS), 

DELTAE:  AE  «  energy  (in  eV)  of  line  center 

Z:  the  angular  factor  «RM)  (see  Sec.  4) 
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FNO: 

The  f -number 

SIGSQ: 

o2  [see  Eq.  (4. 6)] 

GFACT: 

The  statistical  factor  G„  of  Sec.  4 

WCOLL: 

-3 

Collision  width  per  electron,  [Wj/pe(cm  )] 
of  Eq.  (4. 11) 

WDOPP: 

Doppler  width  6/2  of  Eq.  (4.12) 

ID  11: 

(100  i  +  y) 

1  Identification 

ID2I: 

[lOOOn  +  1001  +  10  (2S  +  1)  +  L] 

1 

(iynlSL)  of  the  initial  atomic  state  (see  end 
of  Sec.  2) 

El: 

energy  (in  eV)  of  the  initial  atomic  state 

ID  IF  j 

ID2F  | 

Identification  of  the  final  atomic  state 

ALPHA: 

Six  occupation  numbers  of  the  initial  atomic  state 
at  the  six  densities  being  treated. 

XMCSQ: 

Mass  of  the  atom  in  eV 

Second  File, 

•  First  Record  -  NENGY:  The  number  of  absorption  coefficient  tables 

•  NENGY  tables  of  the  absorption  coefficient  (each  table  consisting  of 
seven  records): 

Record  1  -  NOME GA  \  (N^  <  2000,  define  the  energy 

OMEGAO  )  spectrum  (see  end  of  Sec.  4). 

DOMEGA  ) 

OMEGA  (2000  words)  the  energies 

€N  =  w0  +  (N  s  1*  V 

Six  records  of  2000  words  each  (one  for  each  density  J)  containing 
ABS  (N,  J),  the  absorption  coefficient  (cm”1)  at  energy  cN  due  to 
broad  lines  (N  =  1,  2000) 
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c. 


i 


The  Output  Listing 


1.  The  atomic  data  cards  (A-3)  (if  NTAG  =  0),  arranged  in  order  of  increasing 
energy  (written  by  MAIN  PROGRAM) 

2.  The  LINE  ATLAS  (if  NTAG  -  0) 

Two  lines  printed  per  transition: 

First  line  (see  B)  -  AE,  FNO,  a2,  WCOLL,  WDOPP,  ID  (initial  state), 
Energy  (initial  state),  ID  (final  state),  Energy  (final  state) 

Second  line  ~  the  absorption  coefficient  (cm-1)  at  the  line  center  (assuming 
a  Lorentz  profile)  for  each  unmerged  line  at  each  of  the  six  densities  for 
which  the  occupation  of  the  initial  state  is  greater  than  (written  by 
subroutine  ATLAS) 

3.  The  narrow  line  contribution  to  the  Planck  mean  at  the  six  densities 
(written  by  subroutine  ABS) 

4.  The  line  absorption  coefficient  (cm  *)  due  to  broad  lines  for  the  six  densities 

at  the  energies  cN  *  +  (N -l)Aw  ,  (N  =  l,  N^)  (written  by  subroutine 

TALLY) 

5.  The  broad  line  contribution  to  tine  Planck  mean  opacity  at  the  six  densities 
(written  by  subroutine  MEAN) 

Note  items  3,  4,  and  5  are  repeated  NENGY  times,  once  for  each  portion 
of  the  energy  spectrum  designated  by  a  NENGY  card. 

B.  2  DEFINITIONS  OF  PARAMETERS  IN  COMMON  STORAGE 

Dimensions  of  dimensioned  variables  are  given  in  parentheses. 


MULTIPLET  I 

J1  0  for  oxygen,  1  nitrogen 

|  \ 

J2  charge  state 

1  1  ) 

J3 

y  f  Decomposed 

J4 

n  /  initial  state  ID 

J5 

*  \ 

J6 

2S  +  l  I 

J7 

L  / 
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Decomposed 
final  state  ID 


IBETA 

NGABE 

ALPHAO 

ALPHA 


NREC 

LTOT 

NTOT 

NDIM 


2S'  +  1 


p  -  temperature  index 
Number  of  initial  states  (=£  1500) 

=  minimum  occupation  treated 
(1500  xfi)  a(I,  J)  =  occupation  of  state  I  at  density  J 


(1500)  E(I)  *  energy  of  state  I 

( 1500 )  f  jd  0f  atomic  state  I 
(1500)) 

( 1500  x  3 )  Working  storage 
Number  of  tape  records  on  scratch  tapes 
Total  number  of  line  transitions 

NDIM  *  I  'OO 


|  ID  of 


atomic  state  I 


B.  MULTIPLET  Q  AND  HI 


ABSMIN 


TEMP 


DENS 


NSLIM 


A  V 


WFACT 


Factor  defining  minimum  value  of  absorption  coefficient  to 

be  tallied  (taken  as  0.0001) 

kTineV 


NENGY  Number  of  tables  of  the  absorption  coefficient 


(2  x  6):  DENS(1,  J)  =  number  ions/cm  at  density  J 

3 

DENS( 2 ,  J)  =  number  electrons/cm  at  density  J 
(6):  NSLIM(J)  =  series  limit  nm(J)  at  density  J 

Largest  of  NSUM( J) 

Width  factor  =  0.637  x  io"22  (kT)'1^2 
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LTOT 

K1 

K2 

IGI 

NI 

LI 

KSI 

LAI 

NSI 

NH 

LI  21 

IS12I 

IGF 

NF 

LF 

KSF 

LAF 

NSF 

NPF 

L12F 

LS12F 

DELTAE 

Z 

ALPHA 

FNO 

SIGSQ 

GFACT 

WCOLL 

WDOPP 

El 

XMCSQ 


Number  of  lines  in  LINE  ATLAS 
i 


*i 

ni 

*i 

(2Si  +  1) 


f  Decomposed  initial  state  ID 


nflj  =  number  2s-electrons  j 

Vs-  number  2p -electrons  ( 

)  Initial  state 

( L12)i  *  orbital  angular  momentum  of  core  ( 

( 2S^2  +  1  )j  *  core  spin-multiplicity  I 


Yf  I 

“f  ( 

if  /  Decomposed  final  state  ID 

(2Sf  +  1)  l 


ng£  =  number  2s-electrons 
npj  =  number  2p-electrona 

*  orbital  angular  momentum  of  core 
(2Sj2  +  l)f  *  core  spin-multiplicity 
Ae  =  energy  of  line  center  in  e V 
Angular  result 
(6):  a(J)  =  fractional  occupation  of  state  at  density  J 
f  -  number  of  transition 
a2  =  square  of  radial  integral  of  transition 
Statistical  factor  of  transition 
Collision  width  per  free  electron  for  transition 
Doppler  width  for  transition 
Energy  of  initial  atomic  state  (eV) 

Mass  of  ion  in  eV  ( Me2 ) 


Final  state 
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DENMIN  Smallest  electron  density  >  0 


C.  MULTIPLET  H: 


AS LATE 
BSLATE 
CSLATE 


FSHELL 


SERLIM 


(28  x  36  x  2)>  Tables  of  Hartree-Fock-Slater 
(28  x  7  x  36)  /  radial  integrals  a 2  (see  description 
( 24  x  36 )  /of  subroutine  SLATER) 

(8  x  8  x  16):  A(n,  £  +  1,  n’) 

=  hydrogenic  f(n,  £-*n',  £  +  1)>  n  =  1-8 
(8  x  8  x  16):  B(n,  £  +  1,  n’)  >1=1-7 

=  hydrogenic  f(n,  £-*n*,  £  -  l))n’  =  1-16 
(8  x  8):  FSHELL  (n’  -8,  n-8)  =  shell-averaged  hydrogenic 
f  number  f(n-*nf )  ,  n  =  9-16,  n*  =  9-16 
(11,  12,  2):  SERLIM  (J,  y,  1)  =  series  limit  (eV)  of 
configuration 

J  =  6K^  +  K2,  y  -  core  label 

SERLIM  (J,  y,  2)  =  effective  quantum  number  for 

shell-averaged  width  evaluation 


D.  MULTIPLET  HI 


NOMEGA 


OMEGAO 

DOMEGA 

OMEGA 


ABS 


Nw  (2s  2000)  =  number  energies  in  one  absorption  coefficient 
table 


wo:  j 
Aw : ) 


Define  the  energy  table  OMEGA  (in  eV) 


PSI 1 
PSI  2 


( 2000 ):  The  photon  energies  at  which  the  absorption  coefficient 
is  tabulated:  OMEGA  (N)  =  uQ  +  (N - 1 ) Aw , 

(N  =  1,  N  ) 

-1 

(2000  x  6):  ABS(N,  J)  =  absorption  coefficient  (cm  )  due 
to  broad  lines  at  energy  N ,  density  J 
( 6 ) :  Working  storage 

(17)  ) 

^  g  j  l  Data  for  Voigt  profile  (Input  Cards  6-15) 

(I?  x  8))  Listed  in  Sec.  B.4 
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B.  3  THE  MULTIPLET  FORMULA  SET 


Note  subroutines  special  to  nitrogen  and  oxygen  -  or  atoms  isolectronic 
thereto  -  are  indicated  by  an  asterisk. 

A.  MAIN  PROGRAM  (Utilizes  COMMON  and  DIMENSION  of  MULTIPLET  I. ) 

1.  If  NT  AG  =  0  —  Reads  and  lists  atomic  data  cards.  Calls  MULTIPLET  I 

(the  subroutines  LINE,  ORDER,  TWRTTE)  to  determine 
all  allowed  radiative  transitions  between  the  specified 
atomic  states  and  calculate  the  angular  integrals  thereof. 

The  resulting  transition  data  are  then  written  onto  a  scratch 
tape  in  order  of  increasing  photon  energy,  and  program 
proceeds  to  MULTIPLET  n. 

If  NTAG  =  1  -  A  previously  generated  LINE  ATLAS  is  on  Tape  Unit  A5. 
Calls  MULTIPLET  DDL 

2.  Calls  MULTIPLET  H  (the  subroutines  MSET,  ATLAS)  to  calculate  the 

f -numbers  for  the  transitions  determined  by  MULTIPLET  I  and  generate 
the  LINE  ATLAS. 

3.  Calls  MULTIPLET  m  (the  subroutines  ABS,  FINIS)  to  evaluate  from  the 
LINE  ATLAS  Lie  broad  line  absorption  coefficient  and  to  calculate  the 
Planck  mean  opacity. 

B.  MULTIPLET  I 

1.  ENSORT  -  Arranges  data  from  atomic  data  cards  in  order  of  increasing 

energy 

2.  LINE  -  For  each  pair  of  states  specified  by  the  atomic  data  cards,  decom¬ 

poses  the  ID’s  and  calls  COP  to  apply  selection  rules  and  calculate 
angular  factors  if  allowed  transition.  Resulting  transitions  arranged 
in  order  of  increasing  photon  energy  by  BSORT. 

*2. 1  COP  -  Applies  selection  rules  to  a  given  pair  of  atomic  states  to  determine 
allowed  transitions,  calculates  angular  integral  Z . 
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*2. 1.1  O  -  Determines  number  of  electrons  in  the  2s -shell  of  a  given  atomic 
state. 

*2. 1.2  P  —  Determines  number  of  electrons  in  the  2p-shell  of  a  given  atomic 

l  state. 

> 

f 

*2. 1.3  Q2  -  Determines  L  _  =  orbital  angular  momentum  of  the  core  for  a 
given  atomic  state. 

*2. 1.4  S2  -  Determines  S2  =  total  spin  of  the  2p-shell  for  a  given  atomic 
state. 

*2. 1. 5  S12  -  Determines  S12  =  total  spin  of  the  core  for  a  given  atomic  state. 

*2. 1. 6  FPC  -  Determines  fractional  parentage  coefficient  for  decoupling  a 
2p-electron  from  a  given  atomic  state. 

2. 1. 7  U  -  Calculates  Jahn  coefficient. 

2. 1. 7. 1  W  -  Calculates  Racah  coefficient. 

2. 1.7. 1.1  SF  —  SF(A,  B)  =  B!/(A-1)! 

2. 2  BSORT  -  Arranges  data  in  data  array  B  in  order  of  increasing  energy. 

3  ORDER  -  Arranges  transitions  in  order  of  increasing  photon  energy. 

3. 1  LIST  ~  Writes  ordered  transitions  onto  Tape  B5  (2000  transitions  per 

record). 

3. 2  ASORT  -  Arranges  data  in  data  array  ALPHA  in  order  of  increasing  energy. 

4  TWRITE  —  Transfers  ordered  transitions  from  Tape  B5  to  Tape  A6-one 

transition  per  record. 

C.  MULTIPLET  H 

1  MSET  -  Reads  density  cards,  calculates  merging  limit  [Eq.  (4. 13)} ,  and 
calls  TREAD  to  read  Tape  B6. 

*1. 1  TREAD  -  Reads  tables  of  atomic  data  from  Tape  B6. 
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**  *^< 


3 


I 


*2  ATLAS  -  For  each  transition  on  Tape  A6,  the  f-number,  collision  width, 
and  Doppler  width  are  evaluated  by  subroutines  FCALC  and 
WIDTH.  The  resulting  LINE  ATLAS  is  written  onto  Tape  A5 
and  is  listed. 

♦2. 1  FCALC  _  The  f-number  is  evaluated  for  a  given  transition  -  according 
to  the  prescriptions  of  Sec.  2. 


*2. 1. 1  SLATER  -  For  a  given  transition  the  HFS  values  of  the  radial  integral 

are  determined  from  tables  AS  LATE,  BSLATE,  CSIATE, 
as  follows: 

Species  index  =  (0,1),  charge  state  x2 

Initial  state  l(ls2)  (2sx)  (2pY)  (nfz)l 
Final  state  [(Is2)  (2sx')  (2pY*)  (n,l,z')] 

(a)  (n,  1)  *  (n',D  or  (n,  I)  *  (n 1’)  *  0 


Arrange  transition  electron  into  fourth  position: 

t(  1»2  )  (  2»*  )  (  2p’> )  <  5  i  >1  l(  Is2 )  (  2»{  )  (  2p>! )  <  n"’  l ')] 
core  transmon  core 


transition 

electron 


transition 

electron 


Initial  state  Final  state 

The  core  is  now  the  same  for  the  initial  and  final  states 


Core  index  C  =  12  £  +  6xj  +  Xg(l^  C  s  38) 

If  n  *  n':  ct2  =  AS  LATE  (k,  C,  s) 

k  *  7 1  +  (n-1),  s  «  (3  +  V  -  i)/2 
If  n  *  nf :  If  necessary,  interchange  initial  and  final 

*_* —  — .t.  a.% _ a.  at  _  T  i 

states  suun  uiat  x.  -  *  -  a 

a2  =  BSLATE  (n  -  1,  n*  -  1,  C) 


\ 


HI 


i 

1 


(b)  (n,i)  =  (n \  !)  *  0:  transition  is  a  2s  -  2p 
transition  in  the  presence  of  a  passive  (n,  I ) 
electron  (n  >  3) 

a2  =  CSLATE  (61  +  n-2,  12x  +  6xx  +  xg) 

*2. 1. 2  FHYDRO  -  For  a  given  transition  determines  the  hydrogenic  f-numbers 

from  Tables  A,  B. 

*2. 2  WIDTH  —  Calculates  the  Doppler  and  collision  widths,  the  effective  quan¬ 
tum  number  v  being  determined  with  the  use  of  Table  SERUM. 

D.  MULTIPLET  HI: 


1  ABS  —  For  each  table  of  the  absorption  coefficient  (NENGY  tables  in  all): 

transitions  are  read  from  the  LINE  ATLAS  one  at  a  time.  If  the  line 
is  a  narrow  line  its  contribution  to  the  Planck  mean  is  accumulated. 

If  the  line  is  a  broad  line,  its  line  center  is  shifted  to  the  nearest  mesh 
point  and  the  line  intensity  is  evaluated  over  the  photon  energy  opectrum 
OMEGA  -  following  each  line  tail  until  the  resulting  intensity  is  less 
than  ABSMIN  times  the  previously  accumulated  intensity.  Calls  TALLY. 
Lists  narrow  line  contribution  to  the  Planck  mean. 


1. 1  VOIGT  —  Determines  Voigt  line  profile  using  Tables  PSI1,  PSI2,  PSI,  and 
limiting  series  expansions.  If  W^pp  <  °*2WqqLL  or 
(€  -  c  )  >  5  WpQpp  the  approximation  is 


W 


b(  -)  = 


c 

2?r 


[(€-ec  +  0.7071WDOpp)2  +  W^ 

+  - I - — 

(e-€c-0.7071WDOpp)2  +  W^ 

1.2  TALLY  -  Absorption  coefficient  table  written  onto  Tape  B5  and  listed 

2  FINIS  -  Transfers  absorption  coefficient  tables  from  Tape  B5  to  second 
file  of  Tape  A5.  Calls  MEAN. 
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2. 1  MEAN  -  Evaluates  and  lists  the  broad  line  contribution  to  the  Planck 
mean  -  by  numerical  integration  of  the  tabulated  absorption 
coefficient  for  each  of  the  NENGY  tables. 


B.  4  LIST  OF  SOURCE  PROGRAM  OF  MULTIPLET 
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30  ALPHA* ENSORT 18 
100  CONTINUE  ENSORT 19 

RETURN  ENSORT20 

END  ENSORT 


FORTRAN 

SUBROUTINE  LINE  MPLI 
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DIMENSION  ALPHA! 1500*6 ) *EC 1500 ) • ID1 ( 1500 ) * ID2 ( 1300) *B ( 1500* 3 >  MP 
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Appendix  C 

COMPUTER  CODE  PIC 


A  brief  description  of  the  code  PIC  and  the  usage  thereof  is  contained  in  this 
appendix.  Input-output  information  is  provided  in  Sec.  C.  1;  Sec.  C.  2  lists  the 
FORTRAN  parameters  used  by  the  code,  their  definitions,  and  their  dimensions. 
Section  C.  3  provides  a  brief  description  of  each  subroutine  of  the  code,  and  a  list 
of  the  complete  source  program  constitutes  Sec.  C.4. 

C.l  INPUT-OUTPUT 


A.  Data  cards  are  read  in  the  following  order  (FORTRAN  FORMAT  in 
parenthesis). 


1.  Card  1  -  NRHO  (110):  Number  of  densities  Np  =  6  (usually) 

ALPHAO  (E  20.8):  Minimum  occupation  a0 
TEMP  (E  20. 8 ):  Temperature  kT  in  eV 

2.  Card  2  -  DENS  (6E  12. 8 ):  Ion  densities  (particles/cm3)  at  the 

6  densities  ( J  =  1 ,  6) 

3.  Card  3 -EDENS  (6E12.8):  Electron  densities  (particles/cm3) 

at  the  6  densities  (J  =  1 ,  6) 


4.  Card  4  -  NEN  (1 10):  Number  of  electron  energies  at  which  the 

photoionization  cross  section  is  to  be 
evaluated  ( <  50 ) 


KHE  (110): 


KHE  =  1  oxygen 
KHE  =  2  nitrogen 
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5.  Energy  Cards  -  DELEN 

(12F  6.): 

6.  Card  5  -  NH  (110): 


NENGY  (110): 


The  electron  energies  (in  eV)  at  which 
the  photoionization  cross  section  is  to 
be  evaluated  (NEN  values) 

NPI  =  0,  Generates  PHOTOIONIZATION 
ATLAS,  continuous  absorption  coefficient, 
and  Planck  mean 

NPI  *  0  is  the  number  of  cross  sections 
in  the  PHOTOIONIZATION  ATLAS  on  Tape 
Unit  A5.  Code  evaluates  continuous  absorp¬ 
tion  coefficient  and  Planck  mean  from  this 
atlas. 

Number  of  different  tables  of  the  accumu¬ 
lated  absorption  coefficient. 


7.  Card  6  -  (Included  only  if  NPI  =  0) 

NTOTAL  (1 10):  Number  of  atomic  data  cards. 


8.  NTOTAL  Atomic  Data  Cards  -  (Included  only  if  NPI  =  0); 

(same  as  for  MULTIPLET,  see  Appendix  B; 
I1A3) 


9.  NENGY  Energy  Spectrum  Cards  -  (same  as  for  MULTIPLET,  see  Appen¬ 
dix  B;  $1A8) 


The  systems  input  tape  is  Tape  5;  the  systems  output  tape  is  Tape  6.  Tape  16 
(=A6)  is  used  as  a  scratch  tape  for  storage  of  intermediate  results. 

Tape  25  (=B5)  contains  three  files  of  tables  necessary  for  the  calculation  of 
the  photoionization  cross  sections. 


First  file.  Tables  for  Burgess-Seaton  and  hydrogenic  evaluation: 


NBS 

(12) 

Extended  tables  of 

TNB5 

(1130  x  3) 

atomic  energy  levels 

CFPOl 

(2x6) 

CFP02 

(6  x  12) 

CFP03 

(12  x  20) 

Tables  of  fractional 

CFP11 

(2  x  6) 

parentage  coefficients 

CFP12 

(6  x  12) 

CFP13 

(12  x  20) 

JBS4 

(4x4)  ^ 

ABS3 

(4X4) 

BBS3 

(4X4) 

CBS3 

(4x4) 

A  LBS  3 

(4X4) 

BEBS3 

(4X4) 

"  Burgess-Seaton  tables 

GBS4 

(12  x  6) 

GABS5 

(12  x 

GBS6 

(8  x  3) 

GBS7 

(11  x  4) 

GBS8 

(11  x  5)  ^ 

EIONK 

(11) 

Atomic  species  ionization 

EIONE 

(11) 

limits 

KLK 

(10  x  5) 

EPKL 

(25) 

Hydrogenic  tables 

GAUNT 

(24  x  25) 

Second  and  third  files.  Tables  of  parameters  for  analytic  fit  [Eq.  (5. 18)]  to 
HFS  bound  state  wave  functions. 
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Second  file:  data  for  oxygen 


zsc 

(4200) 

NLSC 

(620) 

CSC 

(4200) 

KY 

(620) 

KX 

(620) 

SPEC 

<8) 

KTAB 

(620) 

NWFCTS 

IMA 

(620) 

Third  file.  Same  as  second  file,  but  data  for  nitrogen 

Ta^e  15  (=A5)  contains  the  final  results  of  the  calculation:  the  PHOTO¬ 
IONIZATION  ATLAS  and  the  tables  of  the  accumulated  absorption  coefficients 
at  each  of  the  six  densities  -  NENGY  tables,  one  for  each  card  [N^  ,  a>Q  , 

Aw  ]  read.  The  arrangement  of  these  data  on  the  tape  follows. 


•  First  file  -  PHOTOIONIZATION  ATLAS 
First  record  of  first  file: 

NTOTAL  DELEN 

ALPHAO  NRHO 

TEMP  NEN 


For  each  of  the  NPI  photoionization  cross  sections  there  is  one 
record  (written  by  subroutine  PTALLY): 


IGZERO 

NZERO 

LZERO 

KSZERO 

LAZERO 

IBETA 

EKZERO 

ALPHA 


GORAB 


K1=0  for  oxygen,  Kl*l  for  nitrogen 
Charge  state  of  atom 


Decomposed  ID  of  atomic  state 


2S+ 1 


0  =  temperature  index 
kQ  =  wave  number  of  atomic  state  (cm-1) 
the  six  occupation  numbers  of  the  atomic 
state  at  the  six  densities  being  treated 
seven  quantities  completely  specifying  the 
given  photoionization  transition 
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OMEGAT 


PHSIG 


o?^=  photoionization  threshold  (eV)  of 
the  given  transition 

NEN  values  of  the  photoionization  cross 
section  -  evaluated  at  the  energies  DELEN. 

The  photoionization  cross  section  is  expressed 

-18  2 
in  units  of  10  cm  . 


•  Second  file  -  The  second  file  is  organized  identically  to  the  second  file 
of  MULTIPLET  Tape  15  (see  Appendix  B;  ilB) 


C.  The  output  listing: 

1.  The  number  of  photoionization  transitions  NPI  (if  NPI  is  initially  zero). 

2.  The  continuum  absorption  coefficient  (cm-1)  for  the  six  densities  at  the 
energies  eN  =  wQ  +  (N  -  1 ) Aw  ,  (N=l ,  N^ ) 

(Written  by  subroutine  ABRITE. ) 

3.  The  Planck  mean  opacity  at  the  six  densities  (written  by  subroutine 
PMEAN) 

Note  Items  2,  3,  are  repeated  NENGY  times,  once  for  each  portion 
of  the  spectrum  designated  by  one  NENGY  card. 


C.  2  DEFINITIONS  OF  PARAMETERS  IN  COMMON  STORAGE 


Dimensions  of  dimensioned  variables  are  given  in  parentheses. 


A.  PIC  I  and  U 
NOMEGA 


OMEGAO 

DOMEGA 

NRHO 


Nw(2=2000) 


=  Number  energies  in  one  absorption 
coefficient  table 

}  Define  the  energy  table  OMEGA  (in  eV) 

=  Number  of  densities  s  6  (usually  set 
equal  to  6) 


ill 


f 


ALPHA 

TEMP 

K1 

K2 

IGZERO 

NZERO 

LZEHO 

KSZERO 

LAZERO 

IBETA 

EZERO 

EKZERO 

NS 

NP 

L12 

IS12 

E3PEC 

JSPEC 

ZRES 

ZNUCL 

NTOTAL 

NIC 

ZETANU 

OMEGAT 

XNUI 

XMUI 

XEPI 


a  =  minimum  occupation  treated 
0 

kTineV 


0  for  oxygen,  1  for  nitrogen 
charge  state 


2S0  +  1 


Decomposed  ID  of 
atomic  state 


P  -  temperature  index 

EQ  =  energy  (eV)  of  given  atomic  state  (relative  to 
neutral  ground) 

kQ  =  wave  number  of  given  state  (relative  to  given  ground) 

n8  =  number  of  2s  electrons 

np  -  number  of  2p  electrons 

L12  =  orbital  angular  momentum  of  core 

2Si2  + 1  =  core  spin-multiplicity 


ISPEC  =  (K1  +K2) 
JSPEC  -  (6  x  K1  +  K2) 


Species  ID's 


Charge  of  residual  ion  -  K2 
Nuclear  charge  =  ( 8  -  Kl ) 

Number  of  atomic  data  cards 
Number  of  different  photoionization  transitions  from 
given  initial  state  10) 
t(v)  =  Burgess-Seaton  normalization  factor 
=  threshold  photon  energy  (eV) 

Effective  quantum  number  v  of  Eq.  (5. 7) 

Quantum  defect  n  of  Eq.  (5. 10) 

o 

€  =  electron  kinetic  energy  (rydbergs)/(ZR£8) 
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IGC  v  =  core  label  of  core  of  residual  ion 

c 

NI  =  principal  quantum  number  of  electron  being  ejected 

LI  I  j  =  orbital  angular  momentum  of  electron  being  ejected 

ISC  ( 2S  +  1)  =  spin-multiplicity  of  residual  ion 

C 

LC  Lc  =  orbital  angular  momentum  of  the  residual  ion 

FPSQ  FJ^  =  square  of  fractional  parentage  coefficient 

NEN  Number  of  photon  energies  at  which  cross  section  evaluated 

NPI  Number  of  photoionization  cross  sections  in  atlas 

NENGY  Number  of  tables  of  the  absorption  coefficient 

DENS  (6)  DENS  ( J)  =  ion  density  (particles/cm3)  at  density  J 

EDENS  (6)  EDENS  (J)  =  electron  density  (electrons/cm3)  at  density  J 

SLIM  (6)  SLIM  (J)  =  series  limit  nm(  J )  at  density  J 

PIEDGE  (6)  Lowering  of  photoionization  edge  at  density  J  (eV) 

ALPHA  (6)  ocj  =  fractional  occupation  of  state  at  density  J 

PHSIG  (50)  PHSIG  ( N )  =  photoionization  cross  section  at  electron 

energy  EN 

DELEN  (50)  DELEN  (N)  =  electron  energy  EN  (eV) 


B.  PIC  I 
TNBS 


NBS 

CFPOl 

CFP02 

CFP03 

CFP11 

CFP12 

CFP13 


(1130  x  3)  Data  defining  atomic  energy  levels  (extended 
from  Ref.  11) 


TNBS  (1,1)  =  (1000 y  +  1001  +n) 

ID  of  State  I 

TNBS  (1,2)  =  (10L  +(2S+  1)) 

TNBS  (1,3)  =  kj  =  wave  number  (cm-*)  of  State  I 
(12)1  =  NBS  ( J )  +  1,  NBS  ( J )  +  2 , . . .  NBS  ( J  +  l)for 
Species  J  =  JSPEC 


(2  x  6)  n  =  0 ,  2 ;  n  =  1 

B  P 

(6  x  12)  n  =  0 ,  2  ;  n  =  2 

8  P 

(12  x  20)  n  =  0, 2;n  =  3 

s  p 

(2  x  6)  ng  =  1 ;  np  =  1 

(6  x  12)  n_  =  1  ;n  =2 
•  P 

(12  x  20)  n  =  l;n  =  3 


Tables  of  the  square  of  the 
fractional  parentage  coefficient 


ABS3 
BBS3 
CBS  3 
A  LBS  3 
BEBS3 

J.BS4 


GBS4 

GABS5 

GBS6 


GBS7 


GBS8 


EIONK 

EIONE 


CORE 


(4x4)  ABS3(I  +  1,1*  +  1)  =  a, 


(4X4)  BBS3(I  +  1,1*  +  1)  =  b 
(4x4)  CBS3(I  +  1,1’  +  1)  =  c 


II* 


II* 

II’ 


II’ 

'll’ 


f  Burgess-Seaton  Table  m 


j=JBS4(l+l,  !’+l) 


(4x4)  ALBS3  (1  +  1,1’ +  1)  =  a 

(4  x  4)  BEBS3(!  +  1,1*  +  1)  -  0 

(4  x  4)  Locators  for  Burgess-Seaton  Tables  IV,  V 
JBS4(!  +  1,!»+  1)  =  j (|  ,|») 
j(0,l)  =  1,  j(l,0)  =  2,  J(l,2)  =  3 ,  j(2,l)  =  4,  j(2,3)  = 
5 , j(3,2)  =  6 

(12X6)  GBS4  (v,  j)  =  Gtfl(v)  Burgess-Seaton  Table  IV 

(12X6)  GABS5(i>,j)=  y^iv)  Burgess-Seaton  Table  V 

(8  x  3) GBS6 (1, 1)  =  G0l(v)} 

GBS6(I  2)  =  y  (v)  1  Burgess-Seaton  Table  VI 
'  ’  01  f  I  -  5(v  -  0.4  >0 

GBS6(I,3)  =xQ1(v)  J 

(11  x  4)GES7  (1,1)  =  GlQ(v)/Jtt 
GBS7(I,2)  =  G10(v) 

GBS7  (1,3)  =  r1Q(p) 

GBS7(I,4)  =  x10(v) 

(11  x  5)  GBS8  (1,1)  =  Gl2(v)/ftt  \ 

GBS8(I,2)=G12<»/) 


1  Burgess-Seaton  Table  VII 
I  =  5(v  -  0. 8)>  0 


1  Burgess-Seaton  Table  VIII 
I  =  5(i>  -  0. 8)>  0 


GBS8(I,3)=  y12(v) 

GBS8a,4)  =  x12(v) 

GBS8(I,5)=^12(y) 

(11)  EIONK  (I)  =  kj ,  the  series  limit  (cm~l)  of  Species  I 
relative  to  the  ground  state  of  Species  I 

(11)  EIONE  (I)  =  Ej ,  the  energy  (eV)  of  the  ground  state 
of  Species  I  relative  to  the  ground  state  of  the 
neutral  atom 

(7  x  10)  CORE(l,iC)  =  ycj  core  ID  of  initial  state  when  active 
electron  decoupled 
CORE  (2,IC)  =  n 


CORE  (3,IC)  =  I 


active  electron 


7  ' 


P 

i-; 

i\ 


*.*■ 

r1 

K* 

X: 

X 
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l 


it 


CORE  (4,IC)  =  2S  +  1 ,  spin  multiplicity  of  residual 

v 

ion 

CORE  (5,IC)  =  L  ,  orbital  angular  momentum  of 
c 

residual  ion 

2 

CORE  (6,IC)  =  F  ,  fractional  parentage  coefficient 
P  _i 

CORE  (7,IC)  =  kL ,  ionization  energy  (cm  )  of  active 

electron  (IC  =  1,2, ...»  NIC) 


KLK 

(10  x  5) 

KLK(n,i  +  l)  =  ,  locator  for  Gaunt  factor  for 

initial  (n,l)  state 

EPKL 

(25) 

EPKL(m)  =  c  ,  energies  at  which  Gaunt  factors 

are  tabulated 

GAUNT 

(24x25) 

GAUNT  (k^  ,  m)  =  Gaunt  factor  at  electron  energy 
em  for  initial  (n,f)  state 

SIGHE 

(50) 

SIGHE  (N)  =  high-energy  approximation  to  the  photo¬ 
ionization  cross  section  at  energy  =  DELEN(N) 

IMA 

(620)  ^ 

NLSC 

(620) 

KX 

(620) 

NSC 

(4200) 

(4200) 

zsc 

CSC 

►  Tables  for  storage  of  parameters  of  HFS  wave 
functions  [Eq.  (5.18)] 

NFUNCT 

KTAB 

NWFCTS 

(620) 

(See  description  of  subrouting  SLAC) 

KY 

(620)  ^ 

PIC  n 

OMEGA 

(2000) 

the  photon  energies  at  which  the  absorption 

coefficient  is  tabulated 

nik€t?r<  A  /XT\  —  jl  /*T  1  \  A  ...  /XT  —  1  XT  \ 

U»x£j\jn.{n/  -  A 

PISIG  (2000)  PISIG  (N)  =  cr(wN)  „  the  photoionization  cross  section 

at  the  energies  o>N(N  =  1 ,  N  ) 


i 


! 

j 

| 
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PIABS 


i 


(2000  x  6)  PIABS  (N,J)  =  absorption  coefficient  (cm-1)  at  energy 
a>N,  density  J 

CORAB  (7)  the  quantities  in  array  CORE  for  a  specific  transition 


C.  3  THE  PIC  FORMULA  SET 


Note  subroutines  special  to  nitrogen  and  oxygen  -  or  atoms  isoelectric 
thereto  -  are  indicated  by  an  asterisk. 

A.  Main  Program 

(Utilizes  COMMON  and  DIMENSION  of  PIC-I) 

1.  If  NPI  =  0 :  PIC-I  -  Reads  atomic  data  cards  one  at  a  time  (NTOTAL 
cards  in  all).  For  each  atomic  state  the  ID  is  decomposed  and  sub¬ 
routine  PIENUM  is  called  determine  all  the  possible  photoionization 
transitions.  For  each  transition  so  determined  the  cross  section  is 
evaluated  (subroutines  PICH,  PIBS,  PIHE,  PIACC)  and  written  into 
the  PHOTIONIZATION  ATLAS  by  subroutine  PTALLY 

If  NPI  *  0:  A  previously  generated  PHOTOIONIZATION  ATLAS  is 
on  Tape  Unit  A5.  Calls  PIC-EL 

PIC-n  (the  subroutines  PIABS  and  PFENIS):  Evaluates  from  the 
FHOTOIONIZATION  ATLAS  the  continuum  absorption  coefficient  and 
calculates  the  Planck  mean  opacity. 


B. 


PIC-I 

1.  PISET  -  The  initial  cards  are  read,  the  line  merging  series  limits  are 
evaluated  and  the  tables  from  Tape  Unit  B5  are  read. 


*2. 

♦3. 

♦4. 

*5. 


O 

P 

Q2 

S12 


>  Same  as  MULTIPLET  I 


y 

* 

V 

I 

* 


S 
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*6.  PIENUM  -  Applies  the  considerations  of  Sec.  5  to  determine  all  possible 
photoionization  transitions  from  a  given  initial  atomic  state.  For  each 
transition  determined  the  relevant  data  are  stored  in  array  CORE. 

♦6. 1  IGAMMA  -  For  a  given  species  label  ISPEC  and  given  values 
n  ,(2S  +1),  and  L  the  core  labels  y  of  Table  11(1)  are  deter- 
mined.  A  value  9  for  ( 2S„  +  1 )  or  L  results  in  that  quantity  being 
ignored  and  the  value  of  y  chosen  has  the  smallest  numerical  value 
consistent  with  the  remaining  conditions  *  9. 

6.2  ESPEC  -  Searches  TNBS  for  the  energy  of  a  specific  state 
( iynfSL ) .  If  S(L)  =  9,  ignores  S(L)  and  accepts  state  of  lowest 
energy  satisfying  remaining  conditions  on  i,y,n,f  ,L(S).  If  no 
acceptable  state  is  found  the  subroutine  returns  with  ESPEC  =  -0.0. 

*6. 3  FPC  -  Determines  the  fractional  parentage  coefficient 
FPC(  ng ,  np ,  Sp ,  Lp ,  S ,  L )  of  the  decomposition 


P 


(sl)  =  2  fpc(vvVVs'l)[s”8 

ST.  I 


S  L 
P  P 


normed  a  FPC  =  n  .  For  prohibited  values  of  S  ,  L  ,  sub- 
S  L  p  p  P 

P  P 

routine  returns  with  FPC  =  0. 0 . 

7.  PICH  -  Evaluates  hydrogenic  photoionization  cross  section  at  electron 
energies  eN  =  DELEN(N),(N  =  1,NEN) 

107.57 

PHSIG(N)  =  —gj - Tg  FPC  in  terms  of  Gaunt  factor  g^e^) 

n  ("t  +  €n) 

7. 1  PGAUNT  -  Interpolates  in  table  of  Gaunt  factors  for  g^(  e )  at 
desired  energy  e . 

♦8.  PIBS  -  Evaluates  Burgess-Seaton  approximation  to  the  photoionization 
cross  section  [Eq.  (5.6)].  Calls  BSNORM  to  calculate  normalization 
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factor  t(v);  calls  RACAH  to  evaluate  Racah  coefficient  of  Table  I  of 
Burgess  and  Seaton;  calls  PHASE  to  evaluate  zero  energy  phase  shift. 
Cross  section  evaluated  in  PHSIG(N)  for  energies  =  BELEN(N). 

If  IBETA  =  9 :  cross  section  and  relevant  Burgess-Seat  on  parameters 
listed. 

8. 1  BSNORM  -  Evaluates  normalization  factor  of  Eq.  (5. 8)  according 
to  Eq.  (5. 11),  using  the  energy  values  tabulated  in  TNBS. 

8. 1. 1  ZETA  -  Evaluates  Eq.  (5. 11)  for  a  specific  atomic  state. 

8. 1. 1. 1  QBE  -  Evaluates  the  quantum  defect  Eq.  (5. 10) 
for  a  specific  atomic  state. 

8. 2  RACAH  Evaluates  Racah  coefficient  of  Burgess-Seaton  Table  I. 

8. 3  PHASE  -  Evaluates  zero-energy  phase  shift  according  to  Eq.  (5. 12). 

9.  PIHE  -  Evaluates  high-energy  approximation  to  the  photoionization  cross 
section  [Eq.  (5. 19)] .  Calls  SLAC  to  determine  wave  function  of  the 
initial  bound  state;  function  subprogram  BESS  to  evaluate  I|(or ,  0)  of 
Eq.  (5. 20).  Cross  section  evaluated  in  SIGHE(N)  for  energies 
cN  =  DELEN(N). 

If  IBETA  =  9 :  Relevant  bound- state  parameters  listed. 

9.1  SLAC  -(K2,ng,npfn0,l0,n1,Ii;NNfZT,CI,NBASlB)  determines 
parameters  of  bound-state  wave  function. 

NBASIS 

Rnl(K2,ns,np,n0,i0)  =  ^  Cyr  v  exp  ( -o^r) 

v  =  l 

CI(v)  =  C^,ZT(v)  =  av,NN(i/)  =  0^  (integer) 

Define:  IFUNCT  =  (10, 000Ko  +  lOOOn  +  lOOn  +  lA)  specifies  the 

a  8  P  U 

given  atomic  state 

NOLO  =  ( 10n.  + 1 . )  specifies  the  orbital  desired  in  the 
given  atomic  state. 

KTAB(I)  =  IFUNCT  of  Ith  tabulated  state  (determines  I) 

NLSC(J)  =  NOLO  of  orbital  J  in  state  I  (determines  J,  where 
KX(I)  s  J  s  [KX(I)  +  9]) 
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I 


i 


V 


Then  NBASIS  =  IMA(J) 


=  CSC(L) 

<VV  =  ZSC(L) 


KY(J)  <  L  ^  [KY(J)  +  NBASIS J 


(Integer  /3^  in  6-low-order  bits  of  a  ). 

9. 1. 1  SUBR  1,  2  -  A  FAP-coded  subroutine  to  pack  or  unpack  an 
integer  in  the  6-low-order  bits  of  a  floating  number 

9. 2  FACTO  -  Evaluate  K!  for  integer  K . 

9. 3  BESS  -  Evaluate  1^  ( a  ,  f3 )  of  Eq.  (5. 20)  according  to  the  recursion 
relations  Eq.  (5. 21). 

9. 3. 1  BESSO  -  Evaluate  1^  ( a  ,  0 )  of  Eq.  (5. 20),  i  =  0 , 1 , 2 , 3 , 
according  to 

V«.0>  - 


Ijfa.O)  -  1  a 


tya.O)  »  •§“ +(|“2  +  5)tan"1(o) 

V“,°) =  (l“2+f)  *  (I "2+l)“‘“'1(«) 

10.  PIACC  -  Evaluates  o(eN)  according  to  Eq.  (5, 22)  for  eN  =  DELEN(N), 

( N  =  1 ,  NEN ) .  To  avoid  the  possible  divergence  at  low  energies  of  the 
high-energy  approximation  to  the  photoionization  cross  section.  aHE(€^j ) 
is  set  equal  to  ojjE(6)  for  N  <  6  . 

11.  PTALLY  -  The  contribution  of  a  given  photoionization  transition  is 
written  into  the  PHOTOIONIZATION  ATLAS  on  Tape  A5.  If  IBETA  -  9, 
the  cross  section  and  relevant  parameters  are  listed. 


mn  tt 

X  XK/—  XX 


1.  PIABS  -  For  each  table  of  the  absorption  coefficient  (NENGY  tables  in 
all):  the  photoionization  transitions  are  read  from  the  PHOTOIONIZATION 
ATLAS  one  at  a  time  and  the  photoelectric  absorption  coefficient  is 
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. . . . . . . . . . 1,  I, . . Musmsmwf&sx 


accumulated  for  each  density  J  at  all  photon  energies  greater  than 
[a)^,-PIEDGE<J)] ,  the  lowered  photoelectric  edge  at  density  J .  Calls 
ABRITE. 

1. 1  ABRITE  -  Absorption  coefficient  table  written  onto  Tape  A6  and 
listed. 

2.  PFINIS  -  Transfers  absorption  coefficient  tables  from  Tape  A6  to  the 
second  file  of  Tape  A5.  Calls  PMEAN. 

2. 1  PMEAN  -  Evaluates  and  lists  the  photoelectric  contribution  to  the 
Planck  mean  opacity  -  by  numerical  integration  of  the  tabulated 
absorption  coefficient  for  each  of  the  NENGY  tables. 

C.4  LIST  OF  SOURCE  PROGRAM  OF  PIC 
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Appendix  D 

COMPUTER  CODES  RABS  AND  ROSS 

To  provide  a  calculation  of  Rosseland  mean  opacities  the  computer  codes  RABS  and 
ROSS  have  been  developed.  The  code  RABS  is  a  modification  of  MULT1PLET 
(Appendix  B).  Input-output  information  to  RABS  is  provided  in  Sec.  D.  1;  a  brief 
description  of  those  subroutines  in  RABS  which  differ  from  MULTIPLET  is  in 
Sec.  D.  2,  a  source  program  listing  of  these  subroutines  is  provided  in  Sec.  D.  3. 

The  Rosseland  mean  calculation  is  carried  out  by  the  code  ROSS,  using  the  tape  pro¬ 
vided  by  RABS.  Input-output  information  for  ROSS  is  provided  in  Sec,  D.  4;  Sec.  D.  5 
lists  the  FORTRAN  parameters  used  by  the  code,  their  definitions,  and  their  dimen- 
sions.  Section  D.  6  provides  a  brief  description  of  each  subroutine  of  the  code,  and 
a  list  of  the  complete  source  program  constitutes  Sec.  D.  7. 

D.  1  INPUT-OUTPUT  OF  THE  CODE  RABS 

A.  Data  cards  are  read  in  the  following  order  (FORTRAN  FORMAT  in 
parentheses). 


1. 

2. 


3. 

4. 


e 


Card  1  —NTAG,  (110):  NTAG  =  2 
Card  2  ~  ABSMIN  (E20.8): 

TEMP  (E20.8): 

NENGY  (110): 


(Card  3  of  MULTIPLET, 
Appendix  B,  §1A4) 


6. 


Card  3  -  DENS  ( 1 ,  J )  (6E12. 6):  (Card  4  of  MULTIPLET) 

Card  4  -  DENS  (2,  J)  ( 6E12. 6) :  (Card  5  of  MULTIPLET) 

Cards  5  through  14  -  PSI2  ( 8F5. 4 ) : 

PSI1  (17F4.1): 

PSI  (17F4.4)  (8  cards): 

Card  15  -  AB  (6E12. 6):  The  six  photon  energies  at  which  the  free-free 

absorption  coefficient  is  tabulated  AB(  N)  =  E__,  (N  =  1,6) 

w 


(Cards  6  through  15  of 
MULTIPLET) 


267 


7.  Cards  16-21 -CAB  (6E12. 6)  (6  cards):  the  free -free  absorption 

coefficient  at  the  six  densities  for  each  of  the  six  values 
of  the  photon  energy: 

CAB  ( J ,  N)  =  ^(FREE-FREE)  at  density  J  and  energy 
En  =  AB(N)  (N  =  1,  6). 

8.  NENGY  -  Energy  spectrum  cards: 

(same  as  MULTIPLET,  Appendix  B,  51A8) 

Must  agree  with  those  used  in  PIC  to  generate  tape  used  on 
Tape  unit  A6. 

B.  The  systems  input  tape  is  Tape  5;  the  systems  output  tape  is  Tape  6.  Tape  26 
(B6)  contains  the  tables  of  atomic  data  utilized  by  MULTIPLET  (Appendix  B, 
flB) 

Tape  15  (A5)  is  the  LINE  ATLAS  generated  by  MULTIPLET  (Appendix  B,  SIB) 

Tape  16  (A6)  is  the  PHOTIONIZATION  ATLAS  and  the  tables  of  the  accumulated 
absorption  coefficients  generated  by  PIC  (Appendix  C,  flB) 

C.  The  output  listing  is  identical  to  tint  generated  by  MULTIPLET  (Appendix  B,$1C). 

D.2  THE  RABS  FORMULA  SET 

Common  and  Dimensions  agree  with  MULTIPLET  (Appendix  B,S2). 

A.  MAIN  PROGRAM 

1.  If  NTAG  *=  0,  l :  Calls  EXIT 

2.  If  NTAG  =  2:  Calls  MSET,  calls  modified  version  of  MULTIPLET  m 

(the  subroutines  RABS,  FINIS) 

B.  ABS:  A  dummy  routine  to  replace  the  ABS  routine  of  MULTIPLET 

C.  RABS:  A  modification  of  the  routine  ABS  of  MULTIPLET  (see  Appendix  B,  im  D 1) 

The  free-free  absorption  coefficient  is  read  from  cards.  For  each  table 
of  the  absorption  coefficient  (NENGY  tables  in  all):  the  corresponding 
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tabulated  photionization  absorption  coefficient  generated  by  code  PIC 
is  read  from  the  second  file  of  the  tape  on  Tape  Unit  A6.  The  free-free 
absorption  coefficient  is  interpolated  to  the  energies  OMEGA  (N)  and 
added  to  the  photoionization  absorption  coefficient.  Transitions  are  then 
read  from  the  LINE  ATLAS  one  at  a  time.  If  the  line  is  a  weak  narrow 
line  it  is  ignored ;  if  the  line  is  a  strong  narrow  line  the  line  wings  are 
accumulated  with  the  tabulated  absorption  coefficient.  (The  distinction 
between  strong  and  weak  narrow  lines  is  defined  in  Sec.  6).  The  broad 
lines  are  accumulated  as  in  MULTIPLET. 

D.  The  following  subroutines  must  be  provided  and  are  identical  to  the  routines  in 

MULTIPLET. 

1.  MULTIPLET  I 

ENSORT 

O 

P 

Q2 

S2 

S12 

FPC 

U 

W 

SF 

BSORT 

ORDER 

LIST 

ASORT 

TWRITE 

2.  MULTIPLET  H 

MCITT 

iUWU 

TREAD 

ATLAS 


269 


| 

I 

* 


5 


FCALC 

SLATER 

FHYDRO 

WIDTH 

3.  MULTIPLET  HI 

VOIGT 

TALLY 

FINIS 

MEAN 

D.3  LIST  OF  SOURCE  PROGRAM  OF  RABS 
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itFUUPHCl)  110#  120#  110  RABS  172 

110  WRITE  OUTPUT  TAPE  6*  1650#  KIP#  K1  RABS  173 

CALL  EXIT  RABS  174 
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720  READ  TAPE  16*  NTOT  *  ALrrl  s  ima.j-j.jum  RABS7030 

IF(T-TEMP)  725 1  730*  725 


725  WRITE  OUTPUT  TAPE  6*  1620*  T*  TEMP  RABS7040 

CALL  EXIT  RABS7050 

730  READ  TAPE  16*  K1  RABS7060 

CALL  SF I L ( 16 • 1 )  RABS7070 
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D.  4  INPUT-OUTPUT  TO  THE  CODE  ROSS 

A.  Data  cards  are  read  in  the  following  order :  (FORTRAN  FORMAT  in 

parentheses) 

1.  Card  1 -NENGY,  (110):  Number  of  different  tables  of  the  accumulated 

absorption  coefficient,  (must  agree  with  PIC  value) 

Kl,  (110):  Kl  =  0,  oxygen;  Kl  =  1,  nitrogen. 

IBETA,  (110):  temperature  index 
TEMP,  (E20.8):  kT  (in  eV) 

3 

2.  Card  2  -RHOI,  (6E12. 8):  Ion  densities  (particles/cm  )  at  the  6  densities 

(J  =  1,  6). 

3.  Card  3  -  RHOE,  (6E12. 8 ):  Electron  densities  (particles/cm3)  at  the 

6  densities  (J  *  1,  6) . 

B.  Two  versions  of  ROSS  are  currently  used:  one  for  the  calculation  of  the 
Rosseland  mean  opacity  of  the  nitrogen -oxygen  mixture  in  air  and  one  for  the 
Rosseland  calculation  of  pure  nitrogen  or  oxygen. 

1.  Air  calculation  -  the  LINE  ATLAS  tapes  for  oxygen  and  nitrogen  generated 
by  the  code  RABS  are  on  Tape  Units  15(A5)  and  16(A6).  An  air  LINE  ATLAS 
is  generated  from  these  and  written  onto  Tape  Unit  25  (B5). 

2.  Nitrogen  (or  oxygen)  calculation  -  the  LINE  ATLAS  tape  generated  by  the 
code  RABS  is  on  Tape  Unit  25  (B5). 

C.  The  Output  Listing 

1.  The  total  mean  free  path  (cm)  averaged  over  frequency  interval  Au>  for 

the  six  densities  at  the  energies  +  (N  -  1)  Au>,  (N  =  1,  N^) . 

(written  by  subroutine  XMFP). 

2.  The  partial  Rosseland  mean  free  path  (cm)  integrated  from  to 

cVT  =  w  +  (N  -  1 ) aw  ib  tabulated  as  a  function  of  for  the  six 
No  N 

densities 

Note  Items  1  and  2  are  repeated  NENGY  times,  once  for  each  portion 
of  the  energy  spectrum  designated  by  one  NENGY  card  in  code  PIC. 
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D.  5  DEFINITIONS  OF  PARAMETERS  IN  COMMON  STORAGE 

Dimensions  of  dimensioned  variables  are  given  in  parentheses. 

NENGY  Number  of  tables  of  the  absorption  coefficient 

OMEGA  (2000):  photon  energies  at  which  the  absorption  coefficient  is 
tabulated.  OMEGA  (N)  «  o>o  +  (N  -  l)Ao>,  (N  =  1,  N^) 

NOMEGA  N  :  number  of  photon  energies  at  which  the  absorption  coefficient 
is  tabulated 

OMEGAO  w  :  lowest  photon  energy  at  which  the  absorption  coefficient  is 
tabulated 

DOMEGA  Aw:  interval  in  the  photon  energy  table 

ABS  (2000  x  6):  ABS  (N,  J)  =  total  absorption  coefficient  (cm"1)  at 

energy  =  OMEGA  (N)  ,  density  J. 

RHOI  (6):  RHOI(J)  *  number  ions/cm3  at  density  J,  ( J  =  1 ,  6) 

RHOE  (6):  RHOE(J)  *  number  electrons/cm3  at  density  J,  (J  *1,  6) 

LDIM  Parameter  defining  dimension  of  array  OMEGA  (LDIM  **  2000) 

KDIM  Parameter  defining  the  maximum  number  of  lines  allowed  in  an 

interval  3(Aw) 

WC  (6):  Working  storage 

IBETA  0:  temperature  index 

TEMP  kT  in  eV 

Kl  K1  =  0,  oxygen;  K1  =  1,  nitrogen 

D.  6  THE  ROSS  FORMULA  SET 
A.  MAIN  PROGRAM 

1.  The  input  data  are  read  and  the  density  values  are  listed. 

2.  If  an  air  calculation  calls  AIR  to  generate  from  Tapes  A5  and  A6  an  air 
tape  on  Unit  B5. 
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3.  Calls  ACCUM(N)  to  read  the  N**1  table  of  the  accumulated  absorption 
coefficient  from  the  second  file  of  Tape  B5. 

4.  Calls  XMFP  to  evaluate  the  mean  free  path  as  a  function  of  energy  and 
density. 

5.  Calls  RMEAN  to  evaluate  the  Rosseland  mean  opacity,  as  a  function  of 
energy  and  density,  from  the  mean  free  path  generated  by  XMFP. 

Items  3,  4,  and  5  are  repeated  NENGY  times,  once  for  each  table  of 
the  absorption  coefficient: 


AIR 

The  LINE  ATLAS  tapes  for  nitrogen  and  oxygen  are  mounted  on  Tape  Units 
A5  and  A6.  The  line-transition  data  are  read  one  line  at  a  time  from  these 
two  tapes  and  written  in  order  of  increasing  energy  onto  an  air  tape  on  Tape 
Unit  B5.  The  nitrogen  occupation  numbers  ALPHA  are  multiplied  by 
(0. 78823)  and  the  oxygen  numbers  by  (0. 21X77).  The  tables  of  the  accumu¬ 
lated  absorption  coefficients  for  nitrogen  and  oxygen  are  combined  (nitrogen 
values  multiplied  by  0. 78823,  oxygen  values  multiplied  by  0. 21177)  and 
written  onto  Tape  B5.  Tapes  A5  and  A6  are  unloaded  and  Tape  B5  is 
rewound. 

ACCUM(N) 

The  Nth  table  of  the  accumulated  absorption  coefficient  is  read  from  the 
second  file  of  Tape  B5.  Tape  B5  is  rewound. 

XMFP 

XMFP  evaluates  the  radiative  mean  free  path  averaged  over  the  frequency 
interval  au>  for  each  value  of  the  photon  energy  and  each  value  of  the 
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density.  For  each  energy  *N(N  =  1,  )  the  LINE  ATLAS  on  Tape  Unit  B5 

is  searched  for  all  narrow  lines  lying  in  the  frequency  interval  (cN1 ,  eN+2). 
Each  line  found  is  classified  as  strong  or  weak  by  comparison  with  the 
accumulated  absorption  coefficient  due  to  broad  lines  plus  continuum  contri¬ 
butions  -  averaged  over  the  frequency  interval  Au .  Each  weak  line  (line 
center  e  ,  width  w )  is  assumed  to  have  a  rectangular  line  shape,  and  the 

V* 

interval  Aw  is  subdivided  aft  the  frequencies  e  =  (e  ±  w) .  Each  strong 
line  is  assumed  to  have  a  Lorentz  line  shape,  and  the  interval  Aw  is  sub¬ 
divided  at  the  frequencies  En  =  [  ■  c  ±  2n(^)] ,  (n  =  0  , . . .  such  that 

<  E^  <  .  When  all  narrow  lines  in  the  frequency  interval  (cN  ^ , 

€N+2 )  kRve  ^>een  *ound  the  frequencies  E  (for  weak  and  strong  lines,  i.  e. , 
E± ,  Er  )  which  subdivide  Acj  constitute  a  set  of  energies  adequate  to  rep¬ 
resent  all  the  narrow  lines  in  Aw .  The  absorption  coefficient  in  (e^, 
due  to  the  narrow  lines  in  (eN  1 ,  c^+2  j  is  then  evaluated  at  each  of  the 
frequencies  E  and  accumulated  with  the  absorption  coefficient  due  to  broad 
lines  and  continuum  contributions.  The  mean  free  path,  averaged  over  Aw  , 
is  then  evaluated  by  numerical  integration  and  is  listed. 

E.  RMEAN 

The  Rosseland  mean  free  path  [Eq.  (6. 2)]  is  evaluated  at  each  density  J 
and  each  energy  cN  =  OMEGA(N)(  N  =  1 ,  )  by  numerical  integration  of 

the  mean  free  path  obtained  by  XMFP  from  w^  to  eN  .  The  resulting  par¬ 
tial  Rosseland  mean  free  paths  are  listed. 

D.  7  LIST  OF  SOURCE  PROGRAM  OF  ROSS 
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